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ABSTRACT

Brownian motion and diffusion, despite being widely accepted theories used in engineering, lack published, empirical data which would confirm the validity of their
theories. The theories of Brownian motion and diffusion are treated as separate
ideas, though Brownian motion causes diffusion. Both theories were initially studied separately in this project through two experiments; the theories were then studied in conjunction. The Brownian motion experiment examined milk fat globules
and Cabosil particles in colloidal suspensions under a microscope, following their
trajectory for 10 seconds. A flow model was developed to determine the diffusion
coefficients; sixty-eight percent of the milk particles and 80% of the Cabosil particles
agree within uncertainty. Drag coefficients that reveal geometry were also found for
all particles; the geometry is shown to be correlated with the diffusion coefficients.
The Diffusion experiment used a custom-made, thermally consistent chamber to
study diffusion in the horizontal x − y plane and the vertical z−plane. Diffusion
in the vertical direction took approximately 100 times longer than the horizontal.
The two theories were then linked by using the diffusion data to determine the microscopic water molecule radius. The horizontal data agreed within uncertainty of
the accepted value for the water molecule radius, while the z−direction data did
not. For both experiments that use diffusion data, we believe that gravity, particle
shape, and edge effects might affect diffusion in the z−direction. Further research in
the effects of particle geometry and gravity in Brownian motion and diffusion would
aid in further understanding these observations.
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CHAPTER 1
Introduction

Humans have desired to thoroughly understand their surroundings since the beginning of time. This curiosity has led us to explore things as small as a nucleus to as
large as a galaxy and try to grasp how things around us operate. Although much
of science entails researching phenomena at either extreme, study is still needed
for daily matters. The Brazilian nut always appears at the top of a can of mixed
nuts when shook [1]. The common occurrence of medicine dispersing in the body
requires a great deal of study to be able to evaluate its path [2]. On a much larger
scale than snack food or the human body, the El Niño weather phenomenon and
the ocean’s current need more examination in order to fully comprehend these phenomena [3]. Occurrences that seem commonplace and trivial suddenly seem more
intriguing when we realize that we do not fully understand them.
Fluid mechanics is necessary for understanding these mysteries around us. Mixed
nuts shaken in a container can be modeled as a fluid. Although the individual
nuts are considered solid, the nuts collectively move similar to a fluid [1]. While
solving the Brazilian nut mystery may seem silly or trivial, a solid understanding
of granular materials has had a great impact on society for geology and farming
industry. Understanding how granular materials flow aids in fields such as geology
for understanding landslides [4]. Determining why the largest nut appeared at the
top of the can may help solve the farming industry’s problem of soil jamming when
flowing from machinery [5].
Like the Brazilian nut mystery, El Niño is studied through fluid mechanics.
This weather phenomenon is caused by warm water in the Pacific ocean heating
the air above it, causing a change in pressure [3]. This change in air pressure has
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caused droughts or floods in the worst case scenario. The effects of El Niño have
been experienced in many countries, creating a demand for accurate predications on
this matter. Air, which is a gas, is a compressible fluid. Navier-Stokes equations,
which model the motion of a fluid using pressure and force [6], have been used to
understand El Niño [3].
Liquids, incompressible fluids, are more obvious applications of fluid mechanics
than granular material and the weather; solids have been also modeled as incompressible fluids. Liquids are a critical part of the world (oceans) and even the
human body. The body consists primarily of liquid, specifically water. Because of
the presence of liquid in the body, interaction between any inserted object, such as
medicine, and the surrounding liquid occurs [2]. The fluid interaction affects not
only the amount of time for the medicine to travel but also where it travels [2].
If medication traveled to healthy areas that require no treatment, it may have an
adverse effect. Knowing the amount of time that the medicine needs to travel to
the treatment area and where the medicine will have traveled determines how the
medicine is administered and what type is optimal.
From the movement of granular materials to administering medication, the idea
of fluids is used. Fluids are amorphous substances in which the molecules of the
material can freely move. As a result of the molecular motion, the substance deforms
or flows. A gas, as mentioned previously, is a compressible fluid whose molecules
uniformly distribute themselves in a container. Liquids conform to the container
and create a well-defined boundary at the surface of the liquid if the volume of
the liquid is smaller than that of the container. Solids, such as granular materials,
consist of individual solid particles that, as a group, conform to a container in a
similar manner in which a liquid conforms to the container. Fluid mechanics, the
study of a fluid’s motion and the forces that act upon it has two branches: fluid
statics, which observes fluids at rest, and fluid dynamics, which observes fluids in
motion.
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Fluid mechanics falls under the broader category of continuum mechanics. Continuum mechanics is the study of a substance’s motion, either solid or liquid, by
modeling the material as continuous and homogenous over the space that the substance occupies [7]. This model ignores that the material is made of atoms or
molecules and the existence of empty space between the atoms or molecules [7].
The advantage of the continuum model is that many calculations are simplified and
can often yield solutions. Continuum mechanics does not always give closed-form
solutions in fluid mechanics [8]. Sometimes numerical methods, which are techniques
used to yield results through numbers and approximation, have been employed when
closed-form solutions could not be determined. Empirical data may also be used
when even numerical methods fail to find a solution. The data collected from empirical methods is plotted in order to fit a curve. From the curve, information is
extrapolated to predict behavior.
Continuum mechanics has been successful for fluids in terms of application. Engineers have created airplanes, built dams, and performed many other feats through
knowledge of fluid mechanics using the continuum mechanics model. While our current knowledge of fluids may allow us to manipulate materials and create objects,
we lack core knowledge of how and why a fluid behaves the way it does [9]. Studying
fluids as their own entity would give definitive explanations behind their behavior
and deepen our knowledge of fluids.
The study of fluid mechanics has not accounted for how the molecules interact.
Without examining fluids at the molecular level, information such as how a fluid is
held together is unknown. Granular flow would benefit from looking at the material
as a whole entity and as individual particles. Modern medical study has shown that
understanding how fluids work in the body aids in creating effective treatments [2].
While there are theories to explain macroscopic and molecular motion of fluids, the theories have not been connected. For instance, diffusion, an idea of fluid
mechanics, appears in both macroscopic fluid diffusion and microscopic Brownian
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motion. Diffusion is typically seen as the process of two separate fluids mixing to
create one homogenous fluid. Brownian motion, the random motion of particles
caused only by temperature, plays a role in diffusion. Einstein developed a theory
for Brownian motion and diffusion in fluids in one of his famous 1905 papers, basing
his ideas off of kinetic gas theory [10]. The theory introduced the diffusion coefficient, a proportionality constant that related the mass of the diffusing fluid to the
area in which it diffuses. The microscopic and macroscopic motion of fluid theories
are not explicitly connected to each other, despite both containing the concept of
diffusion.
The following experimental work bridges the macroscopic and microscopic views
of diffusion to enhance our understanding of diffusion and Brownian motion. The
experiments examined diffusion from a molecular perspective and continuum perspective. In the first experiment, molecular motion was observed through movement of milk fat globules and a silica called Cabosil. In the second experiment,
dyed distilled water was studied as a continuous material that diffuses visibly with
clear distilled water. The theoretical models for diffusion and Brownian motion
lack published, empirical evidence. By studying diffusion through microscopic and
macroscopic means, fundamental driving forces of diffusion were explored. The two
experiments, each designed to observe diffusion at either microscopic and macroscopic levels, were conducted to examine the Einstein theory of Brownian motion
and diffusion.
The first experiment, referred to as the Brownian Motion Experiment, examined
the molecular motion of milk fat globules immersed in distilled water contained
in a welled slide under a microscope. The displacement of an individual milk fat
globule was recorded via video for 10 seconds. We also looked at another molecular
particle, a silica called Cabosil mixed in distilled water in the same apparatus and
follow its trajectory for 10 seconds. The particles were examined for Brownian
motion through several means, including comparing the data to a simulation and
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determining particle step size. Particle size, particle geometry, and material type
were compared for all data. In order to correct for remaining flow in the background
fluid, a flow model was also developed. Current theory does not account for the
impact of flow in the background fluid and its affect on particles.
The second experiment, called the Diffusion Experiment, took a continuum look
at fluids by examining the entire fluid’s movement instead of a single particle. Distilled water was placed in a custom, thermally controlled clear box. Colored distilled
water was injected at the bottom of the box. We examined both vertical and horizontal (left to right) diffusion. For vertical diffusion, the colored water covered the
entire floor of the box. For horizontal diffusion, colored water was a small splotch
on the bottom of the diffusion box. The diffusion was documented through video
until the colored water completely diffused in the direction of interest. Density and
volume injected were varied for comparison. The completion times for diffusion in
both vertical and horizontal directions were compared.
The Stokes-Einstein equation was examined for both the molecular Brownian
Motion Experiment and the continuum Diffusion Experiment. The squared displacements for the milk fat globules were compared to the Stokes-Einstein equation
by finding the diffusion coefficient through curve fitting. We determined the radius
of a water molecule using the Diffusion Experiment data and the Stokes-Einstein
equation. The empirically found radii were compared to the theoretical value. If
an accurate radius for water molecules was found from the continuum data, this
is proof suggesting that the Brownian motion of molecules leads to the continuum
diffusion. Although the name “diffusion coefficient” suggests that Brownian Motion
and diffusion are linked, no empirical proof exists to confirm this connection. These
experiments revealed not only if the molecular Stokes-Einstein equation is valid for
the diffusion of particles but also if it applies to macroscopic diffusion.
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CHAPTER 2
Background

2.1

Viscosity and Drag

Suppose two layers of fluid were moving with the top layer flowing faster than the
bottom layer. The two layers move as a result of an external force. Shear stress,
frictional pressure parallel to the surface, is produced. Molecules from each layer
intermingle and switch layers [11]. As a result, the top, faster moving layer exerts
a force that accelerates the bottom layer. Isaac Newton proposed a model for this
example that directly relates shear stress to the velocity gradient,
τ =η

dvx
dy

(2.1)

where τ is shear stress (measured in P a), η (measured in P a ∗ s) is the viscosity, and
dvx
dy

(measured in s−1 ) is the velocity gradient with respect to the y-direction of the

shear. Fluids that obey equation 2.1 are called Newtonian fluids. According to this
relationship, a fluid’s viscosity can be determined by the fluid’s velocity gradient
and shear stress [11]. Viscosity is proportional to the first power of the velocity
gradient for Newtonian fluids. The dependence on the velocity gradient is a feature
unique to Newtonian fluids.
Stokes’ Law was derived by G.G. Stokes in 1850 in the paper, “On the effect of
the Internal Friction of Fluids on the Motion of Pendulums.” The particles in the
derivation are spherical and experience a viscous drag force, as a consequence of
being a Newtonian fluid [6]. Stokes’ Law is given as
Fd = 6πηrv

(2.2)
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where η is the viscosity of the fluid, v is velocity of the particles, and r is the radius
of the particle. The number 6 is a drag coefficient specific to spherical particles as
a result of using equation 2.1. Equation 2.2 is well accepted in physics. Equation
2.2 will be used in section 2.5 to derive the Stokes-Einstein equation.
2.2

Brownian Motion

In 1827, Robert Brown, a botanist, used a microscope to observe pollen granules
between 5-6 µm (unspecified but believed to be diameter) immersed in water. He saw
that the granules moved irregularly. After observing water in oil and concluding that
water evaporates over a long time scale, Brown concluded that the pollen granules’
motion was not caused by evaporation but by a property intrinsic to the particle
[12].
Brownian motion, named after Brown, is the constant, random motion of small
particles suspended in a fluid. Brown believed that the particle was alive, which
enabled the particle to move. With further study of molecules, the intrinsic property that caused the motion of particles was attributed to the suspended particle’s
temperature. Figure 2.1 is a computation simulation that shows the three dimensional displacement of three identical spherical particles with radius 4.5 µm. The
simulation uses the Langevin equation
m
where m is mass,

dv
dt

dv
= −F + Q
dt

(2.3)

is acceleration, F is a viscous drag force, and Q is a random,

fluctuating force from events such as the background fluid-Brownian molecule collisions. The temperature for this simulation was 273 K. The Langevin equation is
solved first for the viscous drag force in three dimensions, then the velocities associated with each force, and finally, displacement. The irregular displacement of the
particles is expected of Brownian particles.
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Figure 2.1: A 3D graph of displacement for a computer simulated Brownian motion
for three identical spherical particles of radius 4.5 µm over 0.2 s. Each particle has
a randomly generated initial position. Each particle’s displacement was calculated
using equation 2.3. Equation 2.3 utilizes a random, fluctuating force to account for
events such as collisions between the background fluid and Brownian molecules.
2.3

Molecular Theory of Fluids

According to molecular theory, the molecules in a fluid interact through attraction
and repulsion. When molecules are separated by a distance greater than their diameter, they attract through dipole-dipole interaction. Distances closer than the
molecule’s diameter cause repulsion from the electrons in the outer shell [13].
Consider two fluids in a container that have constant temperature and pressure
with only variation in the relative concentration of the two fluids. The number of
molecules per unit volume in the fluid A is denoted as nA and in fluid B as nB . By
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using the Ideal Gas Law, we express the ratio of the densities as
cA =

nA
nA + nB

cB =

nB
nA + nB

(2.4)

with cA and cB denoting the ratios for fluid A and fluid B, respectively. Assuming
that ratio cA is location-dependent, the entire fluid system is not in equilibrium.
Thermal motion causes the molecules from each fluid to travel, eventually creating
a uniform mixture. Consider this example in one dimension: if fluid A is underneath
fluid B, fluid A will travel upward and fluid B will travel downward until there is
no gradient. In the diffusion experiment, fluid A would be the colored water, while
fluid B would be the clear distilled water, where the movement of fluid A or the
colored water is observed. Figure 2.2 is a depiction of this diffusion, where fluid A is
beneath fluid B initially. The right side of the picture shows fluid A fully diffused.
2.3.1 Diffusion
The process of molecules randomly traveling until uniformly mixed is called diffusion.
The coefficient of diffusion, D (measured in

m2
),
s

does not rely explicitly on the

molecular structure of the fluid. As a general principle, the rate of diffusion occurs
faster at warmer temperatures and lower densities. Molecules have more energy
at warmer temperatures and thus, have larger velocities as described in the RMS
velocity equation
r
vo =

3kT
m

(2.5)

where k is Boltzmann’s constant, T is temperature, and m is mass.
The molecules will travel to low concentration areas faster in order to create an
even distribution and increase entropy. At lower densities, the molecules can move
around freely to evenly distribute themselves.
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Figure 2.2: Illustration of diffusion. The ”Before Diffusion” on the left side shows
a concentration of particles on the bottom of the container. The ”After Diffusion”
shows the even distribution of the particles in the container
2.4

Kinetic Theory of Gases

The development of the kinetic theory of gases, an interpretation of how temperature
relates to the kinetic motion of molecules, began with Daniel Bernoulli in 1738.
Bernoulli suggested that the pressure and density of the gas are proportionate for a
constant temperature (Boyle’s Law). Pressure from the gas is a result of molecules
randomly colliding with the sides of a container. If volume is constant, an increase
in pressure indicates that the gas contains more molecules and more molecular
collisions. Newton offered an alternative theory for the cause of Boyle’s law. In
Newton’s model, molecules at rest exert a repulsive force, causing pressure in a
container. Though some scientists supported the kinetic theory of gases, the theory
faced opposition from other scientists who favored Newton’s explanation because of
his success in explaining other physical phenomena [14]. The kinetic theory of gases
was accepted in 1856 when Rudolf Clausius published the paper, “The Nature of
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Motion We Call Heat.”
Clausius asserted that, although molecules move with a velocity on the order of
several hundred meters per second, collisions with other molecules in all directions
prevent them from traveling far. Molecular collisions are the reason for why diffusion
is a slow process. Through the combined experimental research of many scientists,
including Gay-Lusaac and Boyle, the Ideal Gas Law established:
P V = nRT

(2.6)

where P is pressure, V is volume, n is the number of particles suspended in the
volume V , R is the universal gas constant, and T is temperature. The Ideal Gas
Law can also be written as
P = νRT

(2.7)

n
.
V
The Ideal Gas Law shows that as temperature increases, pressure increases or P αT .
where n number of suspended particles in volume V is given as the ratio ν =

2.5

Stokes-Einstein Equation

Einstein studied diffusion in “Die von der molekularkinetischen Theorie der Wärme
geforderte Bewegung von in ruhenden Flüssigkeiten suspendierten Teilchen”, translated as “On the Movement of Small Particles Suspended in Stationary Liquids
Required By the Molecular-Kinetic Theory of Heat” [10], in one of the famous 1905
papers. Although his theory contained ideas similar to Brownian motion, based on
the data Einstein had available to him, Einstein could not conclude if the motion
of the colloidal particles was indeed Brownian motion [10]. Einstein claimed that
the molecular motion of small particles suspended in a liquid could be observed
under a microscope [10]. Dissolved particles differ from suspended particles in size
alone. In the relation to this project, the theory indicates that the milk fat globules,
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suspended particles, are similar to water molecules, except in size.
In order to create a simple model for his theory, Einstein began his model by
examining a particle with force on along the x-axis. He assumed that the cross
section for a liquid is 1 and that the particle is bound from 0 − l [10]. Helmhotz’s
free energy equation is
δH = δU − T δS

(2.8)

where δH is the change in Helmholtz free energy, δU is the change in internal energy
of the system, and δS is the change in entropy. Equation 2.8 was used as the basis
for Einstein’s theory.
He then expanded δU and δS in equation 2.8 as
Z l
δU = − F ν dwδx

(2.9)

0

Z

l

R δν
dwδx
(2.10)
0 N δx
where F is force along the x-axis, R is the universal gas constant, N is the number
δS = −

of molecules per gram-molecule, δx is the displacement of the suspended particle,
dw is the boundary of the fluid, and ν is

n
,
V

the number of suspended particles

in a volume V . After substituting equations 2.9 and 2.10 into equation 2.8, the
equilibrium condition is found to be
Fν −

RT δν
=0
N δx

Equation 2.11 is simplified using equation 2.7 by replacing

(2.11)
RT
δν
N

with pressure dP ,

and thus equation 2.11 becomes
δP
=0
(2.12)
δx
The relation in equation 2.12 shows that equilibrium is achieved by a force on
Fν −

individual particles in one direction and a force in the opposite direction caused by
random thermal motion.
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Assuming that the particle in the model is spherical, Einstein found the diffusion
coefficient by using Stokes’ Law, defining force from equation 2.12 as
Fd = vζ

(2.13)

where Fd is Stokes drag force, v is the velocity of the suspended particles, and ζ is
the friction coefficient. Equation 2.12 can also be expressed as
δP
(2.14)
νδx
The drag force Fd is then compared to the negative chemical gradient, −∇µ, or
Fd = vζ =

−∇µ = vζ

(2.15)

where µ is the chemical potential.
From the comparison, equation 2.14 uses the relationship P =

nkT
and thus
V

becomes
kT
kT d( Vn )
=
∇ν
ν dx
ν
is the concentration of particles [15].
Fd =

where ν =

n
V

(2.16)

Setting equation 2.2 equal to 2.16, we have the result
1 kT
∇ν
vν 6πηr
Multiplying equation 2.17 by ν gives
Fd =

(2.17)

kT
∇ν
(2.18)
6πηr
Einstein compared the result to Fick’s Law, which states that the mass flux J in
dν
mol
is equal to the change in the fluid’s concentration with respect to distance
m2 s
dx
or
dν
J =D
(2.19)
dx
Fd vν =
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We see that J = Fd vν and that
D=

kT
6πηr

(2.20)

Equation 2.20 is known as the Stokes-Einstein equation. A non-geometrically specific version of equation 2.20 leaves the drag coefficient as C and results in
D=

kT
Cπηr

(2.21)

The radii found for the Brownian motion experiment using the method described
in section 3.2.3 are listed in section 4.1 and are used in equation 2.21 to determine
whether the tracked particles are spherical.
The diffusion coefficient found in equation 2.20 is used to find the average displacement squared or λ̄2 . For Brownian particles, the Fokker-Planck equation with
λ as the position of the suspended particle, and p(λ, t) as the probability density for
the particle to be at position λ at time t, is
δp(λ, t)
δ2p
= D 2 (λ, t) = D∇2 p
δt
δλ

(2.22)

Equation 2.22 relies on the process being Markovian, homogeneous, and that the
coefficient D is proportional to time difference. A Markov process is a random
development that is past and future independent, only relying on the current state to
determine the following state. The Markovian requirements hold true for diffusion.
Through multiplying both sides of equation 2.22 by λ2 and integrating the left side
over the position yields
Z

λ2

δ
d < λ2 >
p(λ, t)dλ =
δt
dt

(2.23)

This is true by the definition of expectation value.
Integrating the right side of equation 2.22 over position yields
Z
D ∇2 λ2 pdλ

(2.24)
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By integrating over the entire span of the fluid gives a probability of 100% or 1. For
the one dimensional case, performing the Laplacian operation and integrating over
position in equation 2.23 gives the solution as
d < λ2 >
= 2D
dt

(2.25)

In three dimensions, λ has x, y, and z components, creating a triple integral. The
three dimensional solution is
d < λ2 >
= 6D
dt

(2.26)

By integrating 2.23 and 2.24 over time, we have the result
< λ̄2 >= 6Dt

(2.27)

for Brownian particles moving in three dimensions. Figure 2.3 is a plot of equation
2.27; the information used to create this plot is from the same simulation that
created figure 2.1.
The original result from Einstein is
< λ¯2 >= 2Dt

(2.28)

because he only considered the movement in the x−direction for simplicity.
Although equations 2.28 and 2.20 describe microscopic particle motion, the diffusion experiment used these equations to determine the radius of a water molecule
in section 4.5; section 3.1.4 discusses how the diffusion times were found experimentally. The assumption is that Brownian motion of particles causes the macroscopic
diffusion; the termination times for diffusion and overall macroscopic fluid displacement are presumed to be the same for individual water molecules. Equation 2.28
was solved to determine the diffusion coefficients for the macroscopic Diffusion experiment. The diffusion coefficient was then placed in equation 2.20, which is used
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for microscopic Brownian motion, to find the radius of a water molecule. If Brownian motion is the driving phenomenon of diffusion, solving equation 2.20 by using
the macroscopic information of the fluid should yield an acceptable water molecule
radius.
In the Brownian Motion experiment, a two-dimensional version of equation 2.27
was used to determine diffusion coefficients through the known displacements and
tracking times of the particles as described in section 3.2.3, with results appearing in
section 4.1. This equation, which involves solving equation 2.23 as double integral,
ends in the result
< λ̄2 >= 4Dt

(2.29)

From this relationship, we see that the mean square displacement, λ̄2 , is related to
t. Once the plots in section 4.1 indicated that flow was present, a flow model was
developed and is discussed in section 2.6.
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Figure 2.3: Graphical representation of the square root of equation 2.27. The plot
represents the theoretical solution for the particles in figure 2.1. The diffusion coefficient was calculated using equation 2.20. Temperature was 293K, the viscosity
kg
, and the radius of a particle was 1 µm.
was 10−4 in m·s
2.6

Flow Model

Equations 2.27, 2.28, and 2.29 are based upon the assumption that the background
fluid has no flow. Although the Brownian Motion experiment was designed to eliminate flow in the background fluid, the flow still appeared; the method used to
attempt to eliminate flow is further discussed in section 3.2.3. We developed a
model to account for any background flow and to find accurate diffusion coefficients
in section 4.1. To ensure the validity of our model, we initially derived equation
2.29, the square displacement for a particle without flow. The particle’s velocity v
is defined as a vector
*

{ v } = {Vx , Vy }

(2.30)
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Thus, equation 2.30 is equal to
*

*

λ= v t

(2.31)

Taking the dot product of equation 2.31 yields
*

*

*

*

λ2 = λ · λ = ( v · v )t2

(2.32)

Because λ2 = 2Dt from the original Einstein equation for one dimensional diffusion,
equation 2.32 for the 1D case is
*

2Dt = ( v t)2
√

(2.33)

2Dt
t

(2.34)

2Dt 2Dt 2
+
)t = 4Dt
t
t

(2.35)

*

v=

and λ2 for the 2D case becomes
λ2 = (

This derivation also arrives at the Einstein equation for diffusion.
The modification for particle velocity with flow is
√
√
2D
2D
*
v=
+ 2vx ,
+ 2vy
t
t

(2.36)

where vx and vy are the velocities of the background liquid in the x- and y- directions.
Taking the dot product,
√
4Dt 4D
2D 2
λ =(
+
+ 4vx vy + 2(vx + vy )(
))t
t
t
t
2

√
= 4Dt + 4vx vy t2 + 2(vx + vy ) 2Dt1.5
√
Assuming that 4vx vy t2 >>> 2Dt1.5 , equation 2.38 is simplified to

(2.37)

(2.38)
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~λ · ~λ = λ2 = 4(Do + vx vy t)t

(2.39)

Equation 2.39 indicates the flow parameter, {vx vy }, becomes dominant as time
progresses if the flow remains constant. We used equation 2.39 in section 4.1 to fit
a line to λ2 vs. t plots in order to find the diffusion coefficient for each particle.
Section 4.2.1 discusses the accuracy of this flow model and equation 2.39.
The simulation Langevin equation, equation 2.3, was also modified to account
for flow. Prior to the displacement’s calculations, a random, constant force was
created using a random number generator. The equation becomes
m

dv
= −F + Q + Ff low
dt

(2.40)

where Ff low is the force that flow causes. In sections 4.1.1 and 4.1.2, equation 2.40
was used to create simulated particles with the same radii of the data and find the
displacement for 10 seconds. The square displacement plots for the simulation were
compared to the data plots in order to determine if the particles from the experiment
exhibited Brownian motion.
2.7

Smoluchowski Derivation

In 1906, Marian Smoluchowski arrived at an equation similar to equation 2.28,
using a hard sphere model. Although Smoluchowski’s derivation was not correct,
his contribution is important. The model used the random walk idea for Brownian
motion, creating a link between Brownian motion and diffusion. The random walk,
an examination of statistical properties for the sum of random vectors, was never
before used for Brownian motion. This idea is not present in Einstein’s work.
A hard sphere undergoes elastic collisions only, thus the spheres remain intact.
We consider a system of hard spheres, with light spheres of mass m and heavy
spheres of mass M . The heavy spheres are in a solution so dilute that collisions
among heavy spheres do not occur. In a liquid, heavy spheres interact with many
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light spheres simultaneously. Smoluchowski assumed that a heavy particle’s motion
can be described as the motion of a gas particle with the mean free path Λ = Vo t,
where Vo is the temperature-dependent RMS velocity of the heavy sphere and t, the
time between collisions, is equal to M/ζ. The velocity of the light spheres is given
by vo . Smoluchowski then found
√
1
< λ̄2 > 2 = Vo 2t = Vo

s

2M
= vo
ζ

r

2m
ζ

(2.41)

We see that both large and small particles have the same RMS displacement and
rely on the particle’s mass and velocity, unlike Einstein’s version which relies on the
temperature of the particle. Smoluchowski defined a parameter, b, as
b = πrh2 nd vo

(2.42)

where rh is the radius of the heavy sphere and nd is the number density of the
light gas. For heavy spheres in a light gas, the friction coefficient ζl becomes 43 mb.
Equation 2.41 is rewritten as
r

3
(2.43)
2b
Smoluchowski initially found λ2 for large gas molecules that did not interact
1
2

< λ̄2 > = vo

with smaller gas molecules. That work shows
8 vo 1
√ t2
(2.44)
3 b
where t is time. Equation 2.43, the gas version for the mean square displacement, is
1

< λ̄2 > 2 =

time independent, while equation 2.44 is time dependent[12]; in order to compare his
result to Einstein’s, Smoluchowski had set t = 1. For a dense liquid, equation 2.44
uses ζ as defined by equation 2.13. Using the correction factor and RMS velocity in
equation 2.5, equation 2.44 for a dense liquid becomes
s
1
8
kT
< λ̄2 > 2 =
9 2πηr

(2.45)
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Rewriting Einstein’s diffusion equation as
s
1

< λ̄2 > 2 =

kT
πηr

(2.46)

we see that the displacement from Smoluchowski’s equation is larger than Einstein’s
q
32
by a factor of
or approximately 1.089. The difference is a consequence of
27
Smoluchowki making many rough approximations with respect to the coefficients.
The Stokes-Einstein equation is the universally accepted one.
While quantitatively inaccurate, the Smoluchowski model presents a qualitative
and physical description of Brownian motion; the Einstein model was based upon
statistics and does not consider particle interaction. Smoluchowski model is based
upon particle interaction and discusses the random motion of particles. Although the
Smoluchowski model does not yield quantitively accurate information, it physically
explains why particles diffuse and connects Brownian motion to diffusion.
In section 4.5, diffusion end times, found using methods described in section
3.1.4, were used to determine the water molecule radius. Equation 2.41 was used to
correct the Stokes-Einstein equation by relating the two equations. The result is
D=

kT
12πηrt

(2.47)

We then have the result for the radius as
r=

kT
12πηtD

(2.48)

where k is Boltzmann’s constant, T is temperature, η is viscosity, r is radius, D is
diffusion, and t is time. The correction was found necessary in order to determine
the water molecule radius within uncertainty of the accepted value.
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CHAPTER 3
Experiment

3.1

Diffusion Experiment

3.1.1 Equipment

Figure 3.1: The layout of equipment for the diffusion experiment. The canvas tarp
that covered the experiment was in the background. Left to right: PixeLink camera,
diffusion box, white background, and LED light source.

Diffusion box
The main apparatus used in the diffusion experiment was the diffusion box, photographed with all of the equipment in figure 3.1 and by itself in figure 3.2. The
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diffusion box is a custom-made 2 × 2 × 2-inch acrylic cube chamber located in the
center of a 4 × 4 × 4-inch acrylic cube chamber. The acrylic used for both cubes is
0.25 inches thick.
The experiment occurred in the smaller chamber, which will be referred to as the
inner chamber. The outer chamber was equipped to have water pumped through
it, surrounding each side of the inner chamber with water 0.75 inches thick. By
surrounding the inner chamber with temperature-regulated water, a constant temperature in the inner chamber was maintained. Four drilled air holes created with
glass tubing allowed for air to escape when the injector fluid was placed inside; the
holes were also used for draining the inner chamber. A fifth hole placed in the center
of the top pieces of the inner and outer chambers allows for adding a substance to
the inner chamber. A plastic tube was connected through this hole to secure the
injector.

Figure 3.2: The diffusion box consists of a 4 × 4 × 4-inch acrylic cube chamber
encompassing a 2 × 2 × 2-inch acrylic cube chamber. The smaller cube is located
in the center of the larger cube and was surrounded by 0.75 inches of water on all
sides when attached to a water circulator.
The diffusion box was specially designed to eliminate any external forces. The
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section below discusses the method used to test for external forces.
The null test
Before the diffusion experiment was performed, we tested the inner chamber to
ensure that no outside influences cause motion within it. We conducted a null test by
filling the inner chamber with 5% Kalliroscope Corporation’s rheoscopic concentrate
polymer fluid. The polymers in the fluid are 2-dimensional. The polymer fluid works
well in dilutions between 0.5% and 5%. The polymer fluid reflects light, so movement
can be detected from changes in position from the polymers.
Once the inner chamber was filled with the polymer concentration, we waited 24
hours for the system to reach thermal equilibrium. Because fluid properties such as
density change with temperature, waiting for thermal equilibrium was imperative to
observe the same fluid throughout an experiment. The PixeLink camera (discussed
in detail in section ”PixeLink camera and software”) documented the polymers for
5 days. Through ImagePro (discussed further in section ”Image Pro software”), a
frame subtraction found the difference between the first and last frames and created
an image from the difference. A texturized background in the difference image
indicates motion in the inner chamber, while a flat background demonstrates no
motion. Figure 3.3 demonstrates the difference between two frames where polymers
were moving. The difference image for this experiment shows an image without
detail except for the needle as seen in figure 3.4. A change in lighting must have
occurred during the time this data was taken, as the first image appears lighter than
the last image. This issue could give a false reading of the dye water concentration;
the light variance issue is discussed in further detail in section 4.4.2. The variance
in lighting was likely a result of having a non-steady power supply from the wall.
Despite this uncontrollable change of lighting, the difference image is flat unlike 3.3,
proving that the polymers did not move.

34

Figure 3.3: Two sequential frames from an experiment that examined polymer motion and their difference frame. The texture in the image shows that the polymers
moved.
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Figure 3.4: Two sequential frames from the null test, which determined if external
forces were present in the inner chamber. The third frame is a difference frame,
created by subtracting the two frames.The results of the null test show a flat background. This indicates that no motion occurred in the box. The presence of the
needle in the difference image is a result of non-steady power through the lighting.
Despite this issue, the difference frame does not resemble 3.3, which shows polymer
motion.
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Thermo Scientific NESLAB RTE Bath/Circulator
The outer chamber has two holes on adjacent sides with 1/4-inch diameter plastic
tubing in order to attach to a Thermo Scientfic NESLAB RTE-7 Bath/Circulator,
seen in figure 3.5. The purpose of the outer chamber was to ensure that the temperature of the inner chamber was uniform and isolated from the environment. The
circulator allows for fluids of temperatures ranging between -25◦ C to 150◦ C with a
stability of ±0.01◦ C. Fluids were placed in a bath reservoir of 16.8 × 17.8 × 15.2
centimeters and cooled via an air-cooled refrigerator system. Hoses can be arranged
in a variety of ways; a single closed-loop system was used for this experiment. Water cooled to 25◦ C was pumped into the outer chamber, which in turn encompassed
the inner chamber with water. To ensure that the water remained at the selected
temperature, it also flowed outward into the bath again. The pumping system of
the Bath/Circulator allows for a flow up to 15 liters per minute.
Injector Mechanism
An injector, displayed in figure 3.6 manually delivered the dyed water into the inner
chamber. The injector consists of a syringe attached to a 5-mm glass tube needle
of length 11 cm. The length of the needle was designed such that when the injector
was placed in the top middle hole of the diffusion box, the needle was only a few
millimeters away from the floor of the inner chamber. The desired size for the dyed
water splotch determined the syringe size. More precise delivery was needed to
create splotches approximately the width of the glass needle, making 1-mL syringes
ideal. These experiments used 0.2 to 0.03-mL of injector fluid. The 1-mL syringe
could not dispense enough fluid to immediately cover the floor of the diffusion box;
the floor covering experiments used approximately 2-mL of injector fluid. For the
floor covering cases, 3-mL syringes were suitable.
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Figure 3.5: The diffusion box, background, tarp, Thermo Scientific NESLAB RTE
Bath/Circulator, and PixeLink camera used in the diffusion experiment. The white
background behind the diffusion box and the tarp covering the apparatus provided
a calm backdrop with controlled lighting. When the experiments ran, the PixeLink
camera captured the activity inside the diffusion box while the circulator kept the
diffusion box at a constant temperature.
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Figure 3.6: The injector mechanism, consisting of a 5-mm glass needle of length
11 cm. The syringe attached to the needle varied according to experiment. Small
splotch data required a 1-mL syringe, while floor covering data required a 3-mL
syringe
Lighting
A model LIU001 white LED light source from Thorlabs illuminated the inner chamber from behind. The white LED light is capable of producing an intensity up to
1700

µW
cm2

and lasting for 100,000 hours. Canvas completely covered the equipment

to eliminate external light sources. Between the diffusion box and light, a white
sheet of paper was wrapped around two poles to not only have a white background
but also to diffuse the light. Diffusing light created an even background, rather than
concentrating the light in the center, and created a high contrast between areas with
dyed water and areas of clear water. The LED light source and white backdrop is
shown in figure 3.1.
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PixeLink camera and software
In front of the diffusion box was a 1.3 megapixel color CMOS PL-B742F-BL PixeLink camera that monitored the inner chamber. A complementary metal oxide
semiconductor (CMOS) sensor is used in place of film. The CMOS sensor absorbed
light in each pixel when the electronic shutter opens, and the light was converted
into electrons. The electronic shutter operated similarly to a mechanical shutter,
except that it turned the sensor on for a given time to absorb light. CMOS sensors
contain amplifier transistors for each pixel that translates charge to voltage. The
amplifier created a non-distorted signal which created an accurate reading for the
conversion. The voltage was then transferred to a frame grabber, a chip in the
camera that took the information from a frame to create an image. All conversion
processes took place on the chip. The compact design minimized extra joints and
wires, which minimized electronic failure.
A Fujinon CF16HA-1 lens was attached to the camera in front of the sensor.
The manually focusing lens has minimum object distance (MOD) of 0.1 m. This is
the shortest distance between the lens and the subject of the photograph that the
lens can still focus. The focal length, the distance between the optical center of the
lens and sensor, is 16 mm. The aperture, the radius of the opening through which
light travels to the sensor, can be set from

f
1.4

−

f
,
22

with f as the focal length. A

smaller aperture is desired when the subject of the image is highly illuminated to
avoid overexposure of light, while a larger aperture is used for photography at night
√
in order to capture adequate lighting. Aperture size changes by 2, meaning that
light intensity changes by a factor of 2.
The PixeLink camera was connected to the computer via a Firewire interface.
Firewire transferred data up to 400 Mbps (Megabits per second), a data transfer
rate fast enough to record real time video on a computer. The camera interfaced
with PixeLink OEM software, giving control over the camera’s exposure rate, white
balance, and allowing image storage in Bitmap (.bmp)-format over a set length of
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time and time interval.
Image Pro software
The images taken by the PixeLink camera through PixeLink software were processed
using Image Pro Software. By merging the images, the software created a video by
using each image as a frame in the video. The video was converted from color
to 16-bit grayscale. We converted the video to grayscale to focus strictly on pixel
intensity.
Diffusion data through five z-regions (top, near top, center, near bottom, and
bottom) and six y-regions (right of the stem, right middle, and right edge, as well
as the left counterparts) were extracted from the video. The illustration in figure
3.7 depicts the position of the lines for both horizontal and vertical data. A line was
manually drawn in a region of interest, such as a horizontal line at the top of the box
for z-region; a vertical line is drawn for y- region data. Once a line was drawn for a
particular region, this process is automated through a user-created macro given in
Appendix A. The software obtained light transmission data as intensities along the
line and exported the data into a spreadsheet. Since the data was taken in pixels,
it must be converted into units of distance. For this experiment, the conversion was
from pixels to millimeters. Because the length of the box is known, the “Spatial
Calibration” tool performed the conversion.
Due to removing the diffusion chamber for cleaning purposes, most pieces of
equipment needed to be arranged again, though the equipment was placed approximately in its original location. The distance between the camera and the diffusion
box, for instance, would have slightly changed from each trial, changing the focal
length. The pixel conversion factor was found independently for each video and
varied from 0.0537 to 0.0656 mm/pixel.
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Figure 3.7: Depiction of where the diffusion data was obtained in the inner chamber
for both the horizontal and vertical experiments. The box at the top shows the
locations for the horizontal data. The vertical data location is displayed in the
bottom box. The thick black line in the vertical data depiction represents the
needle location
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3.1.2 Materials
Water
The background fluid is clear distilled water contained in the inner chamber. Each
density discussed in this section was calculated as a mean of densities found from
weighing known volumes of each fluid and dividing the weight by the volume; the
density measurements were repeated 5 times. The digital scale used was capable
of finding a substance’s weight up to the ten-thousandth’s place. The density of
distilled water was measured as 0.977± 0.002

g
cm3

at 23.0◦ C. The injector fluid

consisted of distilled water saturated with blue food coloring such that the water
appears opaque. The injector fluid was used to observe diffusion by creating a color
gradient as the blue fluid rose.
Because the injector fluid was created in separate batches, the density for the
floor covering trials was different from that of the small splotch trials. The density of
the injector fluid in the floor covering trials is 0.9823± 0.0002

g
cm3

taken at 25.00◦ C.

The density of the colored water used in the small splotch trials is 1.014±0.008

g
cm3

taken at 25.00◦ C. Another batch of injector fluid for the small splotch data was
created with a density of 0.988±0.005

g
cm3

at 25.00◦ C to study the effects of density

on the small splotch experiment. Additionally, the 0.988

g
cm3

density is within

uncertainty of the large floor covering density. The background fluid and injector
fluid needed approximately identical densities in order to not have the colored water
rise because of buoyancy or be unable to diffuse because of gravity.
3.1.3 Preparation of Experiment
The inner chamber was filled with the background fluid through the center hole in
the top of the diffusion chamber. To rid the water of any air bubbles, we tilted
the diffusion box, causing the bubbles to escape through the air holes. The outer
chamber, attached to the water circulator, filled with water and began cooling the
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inner chamber.
We positioned the camera for a view of the entire inner chamber. The apparatus
was covered with canvas to check the lighting’s uniformity in the inner chamber with
only the LED light; the LED light was then adjusted for uniform lighting. With
canvas blocking any outside light, the PixeLink software was used to white balance
and determine the optimal exposure rate, which allowed the camera to capture a
well-lit image without noise or graininess.
Using a level, we ensured the diffusion box was horizontal. Fluids are very
sensitive to slightly uneven surfaces. An uneven surface would cause the injector
fluid to spread to one side due to gravitational influence. The two fluids would
experience convection, as a result of volume concentration within the inner chamber.
Our interest is in observing pure diffusion, not mixing of fluids due to convection.
This reason made having a level box imperative for the experiment. To level the
box, single sheets of paper were placed under the uneven side.
The colored water was placed in the syringe and injected through the glass tube,
leaving a few millimeters empty at the tip of the glass tube. The emptiness at the
tip ensured that the injector fluid did not leak before the experiment was performed.
Slight pressure from the syringe plunger could cause the injector fluid to prematurely
leave the needle if the injector fluid were at the tip.
The injector was then placed through the top hole of the diffusion box. The glass
needle was fully submerged in the inner chamber, and the syringe remained outside
of the diffusion box, as shown in figure 3.8. Because the injector fluid in the needle
had contact with the background fluid, both background and injector fluids would
eventually reach the same temperature. The canvas was then arranged on poles to
ensure that it had no contact with the top of the syringe. If the canvas touched the
top of the syringe, it could have caused enough pressure to prematurely inject the
colored water. The system cooled overnight for approximately 16 hours, allowing
for both background and injector fluid to reach the same temperature.
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3.1.4 Procedure
After the system was at a consistent temperature, we slowly injected the colored
water onto the floor of the inner chamber in order to avoid excessive currents. We
covered the equipment with canvas for consistent lighting and used the PixeLink
camera and software to record the activity of the inner chamber. If we immediately
noticed that the injector fluid rolled to one side, we gently but quickly attempted to
level the diffusion box, sliding more paper underneath the uneven side once again.
Although a level was used in the preparation, we could only level the outer chamber,
which did not guarantee a level inner chamber.
For experiments that follow only the small splotch diffusion across the floor of
the inner chamber, the frame rate was 1 frame for every 30 seconds or 120 frames
per hour. After the splotch covered the floor of the inner chamber (approximately
2-3 hours) and no difference among frames was observed at the bottom of the inner
chamber, the experiment concluded.
For experiments where the injector fluid covered the floor of the inner chamber,
the camera was set with a 30 minute time step. The floor-covering experiments
ran for approximately 2 weeks and, again, were terminated when there were no
differences among the frames.
For this study, we collected 5 sets of small splotch data with dyed water injected
at volumes of 0.030 ± 0.002 mL, .050 ± 0.003 mL, and 0.20 ± 0.01 mL for the 1.014
g
cm3

and 0.030 ± 0.002 mL and 0.050 ± 0.003 for the 0.988

g
.
cm3

We obtained two

sets of large floor-covering data with dyed water amounts of 2.1 ± 0.1 mL and 2.5
± 0.1 mL. The error was taken as 5%. Each syringe has 20 tick marks. Assuming
that one tick mark is the maximum amount of uncertainty in the injected volume,
we took our uncertainty as 1/20 or 5%.
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Figure 3.8: The injector fluid in the glass needle cooled inside the inner chamber in
preparation for the experiment. By allowing the glass needle and injector fluid to
have contact with the background fluid, a constant temperature was reached. The
tip of the glass needle was kept empty so that injector fluid would not enter the
inner chamber prior to the experiment.
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3.2

Brownian Motion Experiment

3.2.1 Equipment
Omano OM 900 Inverted Biological Microscope and Camera
Image data for the Brownian motion experiment was collected using an Omano OM
900 Inverted Biological Microscope which is capable of viewing micro-organisms.
The microscope and setup appear in a photograph shown in figure 3.9. Inverted
microscopes have the objectives located below the sample and the light source and
condenser above the sample, opposite of a traditional microscope.
The Omano OM 900 microscope was designed such that the 20W halogen light
would not heat the sample, allowing for a longer sample life. The focus range for the
coarse adjustment are 20 mm and 0.002 mm for the fine adjustment. The microscope
has three objectives: 10x, 25x, and 40x. Samples for this experiment were examined
with a 40x objective. The mechanical stage, where samples were placed, is 200 mm
x 152 mm and had a range of movement of 78 mm in the x-direction and 36 mm in
the y-direction.
An aluminum spacer 10-cm in length was placed on top of the holding mechanisms for the camera to decrease the angle of view. The angle of view was measured
from the normal line of one’s sight. Camera sensors have a set size, which would
be completely filled with an image. If the angle of view is large, more of the environment is seen with lower quality detail. A narrow angle of view allows less of the
environment to be seen with higher quality detail.
The PixeLink camera, identical to the the camera described in section 3.1.1, was
used without a lens, leaving the sensor in front of the camera open. The spacer
moved the sensor back, narrowing the angle of view. The camera interfaced with
the microscope, the computer, and PixeLink software, recording video of samples
under the microscope and saving them on the computer. Through the software, we
were capable of capturing up to 27 frames per second. The digital camera recorded
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Figure 3.9: Omano OM 900 Inverted Biological Microscope with camera. This
equipment was the main equipment used for the Brownian Motion experiment. The
camera captured video of the particles for 10 seconds.
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video of the sample, taking 20 frames per second for 10 seconds with 0% saturation.
By setting the saturation to 0%, the particles were white and the background fluid
was gray in the video as seen in figure 3.10.

Figure 3.10: Milk viewed under the microscope. The tracked fat globules were circled
after the video was taken. Note that the tracked fat globules are visibly white in the
center and the background water is dark, with a darker ring surrounding the bright
center. While other globules would appear bright, they would fade out of view in
subsequent slides. The bright spot around the image is from the light source. Darker
objects in the frame are dust located inside of the microscope, along its optical path.
All video was saved in Audio Video Interleave (.avi) container format, a standard
video container format for Windows. A container format means that the file has
information in it that could be read by a variety of compressors/decompressors
(codecs). AVI files produces high quality video that could be edited and saved in
many formats.
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Slides and Cover Slips
Flat slides were initially tested, but they pressed the sample flat, causing the particles to be mostly in contact with the slide, rather than liquid. Samples contained
in flat slides also tended to dry out quickly. Slides with concave wells were found
to be suitable for this experiment, since the particles were in contact predominantly
with liquid. Samples also did not dry out quickly in the welled slides. Two types of
slides were used with well-depth of 0.5 or 0.8 mm. Clear coverslips aided in retaining moisture in the sample and reducing optical distortion by creating a horizontal
viewing surface.
Image Pro software
Image Pro software again processed the images collected from the microscope.
The tracking of particles in successive frames could be executed automatically,
semi-automatically, or manually. When tracking particles automatically, ImagePro tracked every bright (relative to the background) object’s x and y position in
the video, frame by frame. Each particle was assigned a number for identification.
Semi-automatic and manual trackings were performed when the video data provided
less of an intensity contrast between the particles and the background fluid. The
software could not easily distinguish what is background fluid and what is a particle. Semi-automatic tracking entailed the user select the intensity in the form of the
color to be tracked. The program would proceed to track all particles of the same
color without further prompting from the user. Manual tracking required the user
to select the particle frame by frame.
Colloidal suspensions containing Cabosil were all manually tracked, while milk
particles were tracked either automatically or semi-automatically. For all methods,
particles that did not remain in focus during the entire video were deleted from the
tracked particles list. Because Brownian motion is three-dimensional, the particles
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could move in the z−direction. However, due to the apparatus geometry, we only
considered two-dimensional motion.
We determined the diameter of the particle by finding the edges of a particle and
use the software to draw a line between them. The magnification feature was used
to make the particle larger and increased ease in manually drawing a line. However,
magnification also decreased the resolution of the image, making the edges of the
particle less clear. The particles in the video displayed a color gradient, typically
purplish gray, where the white particle touched the dark background fluid. The edge
of the particle was estimated to be in the center of the color gradient’s width.
Data must be translated from pixels to units of length. Unlike the diffusion
experiment, no lengths were known for the particles and the setup did not allow for
the entire slide well to appear in one frame. Cell Vu coverslips placed over the slides
provided the necessary information for pixel conversion. These coverslips have a
square grid of 10 by 10 boxes (100 total) that are each 0.01 mm × 0.01 mm. The
total area of the square is 0.1mm × 0.1 mm. Using the known information about
the cover slip’s grid boxes, pixels were converted to micrometers following the same
procedure described in the “Image Pro Software” subsection of section 3.1.1.
3.2.2 Materials
Cow Milk
In order to observe Brownian motion, a colloidal fluid was imperative. Milk is
a colloidal suspension consisting of almost spherical fat globules in mostly water.
Proteins and vitamins were present in milk but were too small to be seen by the
microscope, as seen in figure 3.10, a frame from one milk video from this experiment.
The accepted value for a milk fat globule’s density is 0.915

g
cm3

at 20◦ C [16]. When

viewed under the microscope, as in figure 3.10, the fat globules appeared white in
the center with a darker ring surrounding the center. The water appeared gray
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under the microscope, as shown in figure 3.10.
The darker objects in the frame were dust located somewhere in the microscope.
This was determined by the presence of those objects in every frame in the same
location, despite using new slides/slipcovers and examining the sample at different
depths. Because the dust partially obstructed the view of milk fat globules, we
attempted to clear dust out of microscope using condensed air. However, the dust
still remained in the optics inside the microscope. Due to its location in the microscope and not in the sample or on the coverslips and slides, the dust would not
have affected the motion of the particles. Misidentification of dust particles as milk
globules was not an issue; besides being stationary and looking distinctly different
from milk fat globules, the particles were tracked using methods outlined in “Image
Pro software”, outlined in section 3.2.1
Cabosil
Cabosil EL1000 was used to create a second colloidal suspension. This material is
typically used to polish electronics to remove excess dielectric insulation. Cabosil is
silicon dioxide, appearing as a white powder. The density of this Cabosil is 2.2 cmg 3
at 20◦ C. A Cabosil particle’s diameter ranged from 0.05-0.35 µm. Figure 3.11 is a
frame from a Cabosil video. The Cabosil particle was more apparent in a video, due
to the motion. Like milk fat globules images, Cabosil has a darker ring surrounding
its center. Dust was again present inside the microscope. However, like with the milk
samples, the dust was inside the microscope’s optics and should not have affected
the Cabosil particles.
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Figure 3.11: Cabosil and distilled water under the microscope. The Cabosil particle
tracked is circled. The darker round objects in the image were dust somewhere
inside the microscope’s optics. Although difficult to see in a still image, the circled
particle is more obviously Cabosil when viewed moving in video.
3.2.3 Experiment
Preparation of Experiment
Milk was diluted with distilled water in order to reduce the protein contribution
and fat globule collision. Although the proteins were not seen under the microscope,
they could have contributed to the motion of the fat globules. Through dilution, the
protein contribution would be reduced, thus creating a sample of fat globules and
water. Collisions among fat globules occurred with pure milk and made identifying
single fat globules difficult. By increasing the amount of water present in the sample,
the average distance between milk fat globules was large enough that collisions rarely
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occur, and the video showed defined, individual fat globules. We diluted the milk
in two ratios of milk to distilled water,

1
200

and

with the milk globules and any proteins. The

1
400

1
200

in order to eliminate collisions

concentration contained more fat

globules which increased the likelihood of tracking but also risked collisions among
the particles, whereas

1
400

concentration had almost no collisions but would have less

fat globules present and thus, fewer would stay visible throughout the experiment.
Cabosil must be mixed with distilled water in order to create a suspension.
For both colloids, the concentration was injected from a syringe and needle into
a concave slide, creating a sphere with the radius of the well as shown in figure
3.12. Creating a sphere with the same radius of the well prevented air bubbles when
the coverslip was placed on top; air bubbles could possibly cause unwanted motion
within the sample. Also, the sphere created a seal when the slipcover was pressed
along the edges, causing the sphere to flatten.

Figure 3.12: 2D depiction of slide preparation. Left is the slide with the ”sphere”
inside the slide’s well. Right is the slide with a coverslip placed on top. The
flattened sphere created a seal with the coverslip, allowing for moisture to remain
in the sample.
The sample rested for 2 hours in order to allow flow to cease and to reach
room temperature. The optimal rest time of 2 hours was empirically determined.
A longer rest period would further eliminate flow, but issues arose with particles
remaining suspended. The fat globules were slightly buoyant and floated to the top
for longer rest periods, while Cabosil was denser than water and had a tendency
to sink over the course of rest periods. Additional problems arose with the milk
samples; microorganisms tended to grow in the milk over longer rest periods.
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The stage of the microscope was set so that the microscope’s optics could capture
the entire well on the slide. The microscope’s focus was adjusted to approximately
the middle of the well’s depth, because the boundaries (top, bottom, and sides) were
most susceptible to flow.
Experimental Procedure
The microscope’s focal range was on the order of either particle’s diameter. Any
motion in the z− direction caused the particles vacillate between in and out of focus,
leaving us unable to determine displacement for the entire 10 seconds. In order to
keep particles in focus, we selected one clear particle to bring into focus. While
recording the video, we manually adjusted the focus of the microscope to keep the
one particle in focus. Occasionally, other particles would remain in focus for the
duration of the video.
From 6 videos, 14 milk fat globules from the
Fourteen milk fat globules from the

1
400

1
200

concentration were tracked.

concentration were tracked in 10 videos. We

tracked 5 Cabosil particles from 5 videos. All videos are 10 seconds in length.
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CHAPTER 4
Data and Analysis

4.1

Brownian Motion Experiment Data

In the Brownian Motion experiment, individual particles’ displacements were
tracked over the 10 seconds. The square displacement, λ2 , of individual particles
deviate from the predicted value; however, the deviations symmetrically distribute
among the predicted values calculated from equation 2.29,
< λ̄2 >= 4Dt

(4.1)

where λ is displacement, D is the diffusion coefficient, and t is time.
Finding the mean square displacement of many particles would remove the deviations. Figures 4.1, 4.2, and 4.3 show the squared trajectory for
tration,

1
400

1
200

milk concen-

milk concentration, and Cabosil over 10 seconds. Since the particles are

polydispersive, as demonstrated in table 4.1 and 4.2, we could not find an accurate
mean displacement. The shape of each particle is examined in section 4.2.2, where
the drag coefficients were determined for each particle using the Stokes-Einstein
equation. Since milk fat globules are not spherical, finding the drag coefficient
aids in determining the validity of using the Stokes-Einstein equation, an equation
created from a spherical particle model, for non-spherical particles.
The temporal uncertainty for each plot is 0.05 or
spatial uncertainty for these plots is 0.20 µm for

1
200

1
20

frames per second The

concentration, 0.30 µm for

1
400

concentration, and 0.27 µm for the Cabosil particle. The uncertainty in the spatial
measurements is the width of the gray area surrounding the bright spot, which is the
uncertainty in the radius. Figure 4.4 illustrates the five tracked particles that appear
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in figure 3.10 but with the gray uncertainty areas colored orange. The uncertainties
for the theoretical diffusion coefficients in table 4.1 were found from the relative
uncertainty from the radius, since the radius is the parameter with the most variance
in calculating the diffusion coefficient. As a result, each theoretical coefficient has
an uncertainty associated with it, found with respect to the uncertainty with the
radius. We found the uncertainties for theoretical diffusion coefficients by using
σ=

σr
Do
r

(4.2)

where σr is the uncertainty in radius, r is radius, and Do is the diffusion coefficient. The uncertainties for the radii were found as the width of the shadowy area
surrounding the particle’s white center. All uncertainties are located in tables 4.1
and 4.2 for milk and Cabosil respectively. Experimental diffusion coefficient and
their uncertainties were found using methods discussed in section 4.1.3. Due to the
point size, the error bars do not appear on any of the plots. All other particles have
demonstrated similar behavior.
4.1.1 Milk
The displacement of an individual particle consists of a random walk, where step
sizes are of a consistent average length given by the mean free path. A particle displaying random walk moves without directional bias or pattern. The x − y position
plot should be similar to figure 2.1, only without z-direction behavior if these particles demonstrate Brownian motion. For instance, a particle may move up, then
right, then 12 degrees NW, etc.[17] Figure 2.1, a simulation of Brownian motion
for three particles, displays these features; the step size was programmed such that
each step is the same length. The particles have equal probability for motion in
any direction. Despite each of the three particles in figure 2.1 having identical time
steps, sizes, and shapes, they each display random motion and moved in different
directions from one another.
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Particle
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28

Radius
(µm)
0.9 ±0.2
1.3 ±0.3
1.1 ±0.2
1.0 ±0.3
0.7 ±0.2
0.9 ±0.3
0.9 ±0.2
0.8 ±0.2
0.7 ±0.2
0.9 ±0.3
0.9 ±0.3
0.9 ±0.3
0.9 ±0.2
1.0 ±0.2
0.8 ±0.2
0.8 ±0.2
0.8 ±0.3
0.6 ±0.2
1.1 ±0.4
1.0 ±0.3
0.9 ±0.2
1.1 ±0.2
0.9 ±0.5
1.0 ±0.4
1.1 ±0.3
1.0 ±0.3
1.1 ±0.2
0.8 ±0.3
.

Theor.
2
)
Do ( µm
s
0.24 ± 0.05
0.21 ± 0.07
0.20 ± 0.03
0.23 ± 0.06
0.30 ± 0.07
0.21 ± 0.07
0.24 ± 0.05
0.28 ± 0.07
0.30 ± 0.07
0.25 ± 0.08
0.24 ± 0.07
0.25 ± 0.08
0.26 ± 0.06
0.21 ± 0.04
0.28 ± 0.07
0.28 ± 0.07
0.27 ± 0.09
0.25 ± 0.06
0.21 ± 0.07
0.22 ± 0.06
0.24 ± 0.05
0.23 ± 0.04
0.26 ± 0.05
0.22 ± 0.08
0.20 ± 0.05
0.21 ± 0.06
0.20 ± 0.03
0.27 ± 0.09
.

Empirical
2
)
Do ( µm
s
0.262 ± 0.004
1.022 ± 0.002
0.180 ± 0.003
0.292 ± 0.005
0.315 ± 0.005
1.169 ± 0.006
0.221 ± 0.003
0.260 ± 0.003
0.711 ± 0.002
0.221 ± 0.005
0.239 ± 0.002
0.272 ± 0.003
0.101 ± 0.006
0.482 ± 0.002
0.743 ± 0.004
0.276 ± 0.003
0.362 ± 0.004
0.200 ± 0.002
0.220 ± 0.007
0.209 ± 0.004
0.746 ± 0.005
0.363 ± 0.006
0.252 ± 0.005
0.214 ± 0.004
0.216 ± 0.003
0.210 ± 0.004
0.611 ± 0.006
0.352 ± 0.003
.

Reduced
χ2
0.69
0.80
0.92
0.53
0.58
0.98
1.10
0.49
0.60
0.58
0.64
1.04
0.60
0.94
0.83
1.20
3.39
3.17
4.04
2.82
1.30
2.58
2.00
1.61
1.60
1.39
1.68
0.95
.

. %
Diff.
8.8
131.0
10.6
24.4
4.9
139.0
8.3
7.7
81.3
13.3
0.4
7.2
88.3
75.4
90.0
2.1
30.4
52.4
5.5
4.2
103.0
45.6
0.1
1.2
7.7
0.1
102.0
27.8

Table 4.1: Table of diffusion coefficients for milk fat globules. Particles 1-14 are
1
1
from the 200
concentration. Particles 15-28 are from the 400
concentration. Sixtyeight percent (68%) of the particles are within uncertainty of the theoretical Do
values associated with those particles. Particles 2, 4, 9, 13, 14, 15, 21, 22, and 27
are not within uncertainty of their theoretical Do values. Empirical Do was found
by fitting equation 4.5 to the displacement squared vs. time plot for each particle.
Theoretical Do was calculated from equation 4.4. The parameters used in calculating
kg
for viscosity, and the
the theoretical Do are 25.0o C for temperature, 1.00*10−3 ms
measured particle radius.
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Figure 4.1: The square displacement, λ2 , plotted for a milk particle with the theo1
retical line fit for milk concentration 200
. This is a plot of particle 2. The theoretical
line was found from equation 4.6.
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Figure 4.2: The square displacement, λ2 , plotted for a milk particle with the theo1
retical line fit for a milk concentration of 400
. This plot consists of particles 24, 25,
and 26. The theoretical line was found from equation 4.6.
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Figure 4.3: The square displacement, λ2 , plotted for a milk particle with the theoretical line fit for a Cabosil particle. The theoretical line was found from equation
4.6. This plot consists of particle 30.

61

Particle
29
30
31
32
33

Radius
(µm)
0.2 ± 0.1
0.2 ± 0.1
0.2 ± 0.1
0.2 ± 0.1
0.3 ± 0.1
.

Theor.
2
)
Do ( µm
s
0.24 ± 0.09
0.23 ± 0.08
0.25 ± 0.09
0.22 ± 0.08
0.25 ± 0.09

Empirical
2
)
Do ( µm
s
0.140 ± 0.002
0.232 ± 0.004
0.270 ± 0.005
0.202 ± 0.003
0.229 ± 0.006
.

.

Reduced
χ2

0.9
1.5
0.9
1.6
0.6

. %
Diff.
53.0
1.7
6.7
7.8
9.6

Table 4.2: Table of diffusion coefficients for Cabosil particles. Empirical Do was
found by fitting equation 4.5 to the displacement squared vs. time plot for each
particle. Particle 29 is the only particle that does not agree within uncertainty of
the theoretical value. Theoretical Do was calculated from equation 4.4. The paramkg
for
eters for calculating the theoretical Do are 25.0o C for temperature, 1.00*10−3 ms
viscosity, and the measured particle radius.
Figure 4.5(a) displays the x − y plot for particle 2 from video Milk200.1 for a
concentration of

1
;
200

figure 4.5(b) is the simulation x − y plot of a particle with

identical parameters to particle 2. The positions for the simulated particle were
found by using 2.40,
m
where m is mass,

dv
dt

dv
= −F + Q + Ff low
dt

(4.3)

is acceleration, F is a viscous drag force, Q is a random,

fluctuating force, and Ff low is a constant force from flow. Figure 4.6(a) shows the
x − y plot for particles 24, 25, and 26 from video Milk400.8 of the

1
400

concentration;

figure 4.6(b) is the simulation x − y plot of these three particles with identical
parameters to particles 24, 25, and 26. The simulation had a random flow parameter
introduced to the background fluid. Figures 4.7 and 4.8 are plots of the step size
versus time for these milk particles. The step sizes for the
from 0 - 0.3 µm. For the

1
400

1
200

concentration range

concentration, particle 24, 25, and 26, the step size

vary as 0 - 0.4 µm, 0- 0.2 µm, and 0 - 0.2 µm, respectively. The uncertainty in time
is again 0.05 seconds.
The consistent step size in figures 4.7 and 4.8 aligns with random walk theory
and the simulations; the step size was programmed as a constant for the simulation.
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Figure 4.4: A frame from video Milk200.1. Circled in pink are the tracked particles.
The shadowy areas for the tracked milk particles are falsely colored orange. Because
of uncertainty in how much of the orange area is the particle, radial uncertainty is
taken as the width of the orange area. Figure 3.10 shows the original, non-colored
photo.
In figure 4.5(a) and 4.5(b), the particle’s displacement in both the simulation and
the data overall traveled vertically downward. The particles in both figures did
not simply travel downward; locally, the individual displacement at each point do
not have a pattern of behavior. Figure 4.6(a), the data, and 4.6(b) both show
three particles that move in different directions. All x − y plots for the particles
demonstrate flow in the background fluid that contributes to the particle’s position.
When samples were created, the background fluid was visibly turbulent under
the microscope, causing the particles to move as a result of the flow. We allowed the
samples to rest for two hours, since flow reduces over periods of time. When viewed
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(a) Brownian motion of one particle from the
tion

1
200

concentra-

(b) Simulation of Brownian motion
1
Figure 4.5: Particle 2 from table 4.1. This particle is of the 200
concentration. Figure 4.5(a) is the x − y trajectory of the particle over 10 seconds. Figure 4.5(b) is
a simulation of one particle with the radius of the data particle undergoing Brownian motion with flow in the background. The simulation particle’s positions were
calculated using equation 4.3.

64

(a) Brownian motion of three particle from the
tration

1
400

concen-

(b) Simulation of Brownian motion
1
Figure 4.6: Particle 24, 25, and 26 from table 4.1 of the 400
concentration. Figure
4.6(a) is the x − y trajectory of the particles over 10 seconds. Figure 4.6(b) is
a simulation of all three particles with the radii of the data particles undergoing
Brownian motion with flow in the background. The positions of the simulated
particles were calculated using equation 4.3.
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Figure 4.7: Step size vs. time plot for the particle in figure 4.5 of the
tion. A consistent step size agrees with random walk theory.

1
200

concentra-

under the microscope after resting for two hours, the background fluid appeared to
have no turbulence. However, there was some small amount of flow left undetectable
to the eye. A longer rest period, however, would cause the sample to develop
micro-organisms; this issue was further addressed in section 3.2.3. As a result of
background flow, the particles tracked for each video have non-central trajectories.
If flow was not present, the particles would not consistently travel towards one
quadrant but would be centrally located around the origin. In order to compare the
simulations to the data, the simulation program has an additional flow term in the
spatial calculations. The particles in each video moved toward different quadrants,
further leading to the idea that flow was present and not a characteristic of milk fat
globules. The flow issue is further discussed in section 4.1.3.
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1
Figure 4.8: Step size vs. time plot for the particle in figure 4.6 of the 400
concentration. Consistent step sizes are characteristic of particles undergoing random
walk.

4.1.2 Cabosil
Figure 4.9 consists of the experimental data in an x − y plot and the simulation plot,
using the radius and flow parameter of particle 30, in the same manner. In figure
4.9(a), we see that particle 30 traveled toward the lower right quadrant, while 4.9(b)
traveled toward the right side of the plot as well. The particle displays random walk
motion in both plots; for instance, the particle may move downward but then goes
upward in the next step. Again, the step sizes in figure 4.10 are within one sigma of
each other, which agrees with random walk theory. Flow appears to have affected
the particle’s displacement, hence the particle was steadily moving into the fourth
quadrant. The simulation yielded similar results to the data, supporting that the
experimental Cabosil particles demonstrate Brownian motion.
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(a) Brownian motion of one Cabosil particle

(b) Simulation of Brownian motion

Figure 4.9: Brownian motion plots for particle 30, a Cabosil particle. Figure 4.9(a)
is the x−y trajectory of the particle over 10 seconds. Figure 4.9(b) is a simulation of
one particle with the radius of the data particle undergoing Brownian motion with
flow in the background. The positions of the simulated particle were calculated
using equation 4.3.
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Figure 4.10: Step size vs. time plot for the Cabosil particle in figure 4.9.
4.1.3 Theoretical and Empirical Diffusion Coefficients
Theoretical diffusion coefficents, Do , were calculated using equation 2.20,
D=

kT
6πηr

(4.4)

where k is Boltzmann’s constant, T is temperature and η is viscosity, and r is
kg
particle radius. The viscosity of distilled water at 25.0o C is 1.00*10−3 ms
. The

experiment was conducted at room temperature, 25o C. The radius for each particle
was measured using ImagePro.
Experimental Do were found by curve fitting. We used equation 2.39,
λ2 = 4(Do + vx vy t)t

(4.5)

where λ is displacement, {vx vy } is a flow parameter that travels both in the x- and
y- directions, and t is time. The simulation was additionally modified using equation
4.5 for the diffusion coefficient, introducing a constant but initially random velocity
in both x− and y− directions. The flow coefficients vx vy are listed in table 4.3.

69

To find {vx , vy } and Do to curve fit equation 4.5, we used a least squares method
for every particle’s square displacement. The equation for the least squares method
is

LSQ =

n=200
X

(λt − f it[t])2

(4.6)

t=0

where λt is the experimental displacement at time t and f it[t] is displacement at time
t calculated from the fit. The least squares method was used manually by varying
diffusion coefficient and flow parameter until equation 4.6 was at its minimum.
Uncertainty σf for {vx , vy } was determined by the maximum deviation from the
flow parameter that allowed for equation 4.6 to remain at its minimum.
We assume because the video was recorded for a relatively short time frame,
the rate of flow remains constant. Diffusion coefficients, as well as the χ2 values
and percent differences between the theoretical and empirical diffusion coefficients,
for individual milk particles are shown in table 4.1. Table 4.2 lists the diffusion
coefficients for Cabosil.
To determine if the line fit is of good quality, the reduced χ2 statistic was found.
The reduced χ2 statistic was used because of it normalizes to the number of points,
making interpretation simple. The ideal reduced χ2 , as a result, is unity or one. If
the statistic is much higher than one, the fit is not considered good. If the reduced
χ2 statistic is much smaller than one, overestimation of error may have occurred [18].
Reduced χ2 values were determined from two parameters: the uncertainty in the
flow parameters and empirical diffusion coefficients. Uncertainty in each empirical
diffusion coefficient was found as the maximum deviation while still maintaining
the optimal reduced χ2 . Uncertainty in each flow parameter was found as the
maximum deviation while maintaining the diffusion coefficient value that allowed
for the optimal reduced χ2 . For instance, particle 26 has a flow coefficient of 0.149
±0.004

µm 2
.
s

The flow coefficient can vary from 0.145 to 0.153

µm 2
s

without causing

the empirical diffusion coefficient to change and reduced χ2 to become less ideal.
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All reduced χ2 values in tables 4.1 and 4.2 are close to one, indicating that the flow
model works well with particles that experience constant flow.
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Particle
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28

Flow
. Param.
)2
vx vy ( µm
s
Milk200.1 0.170± 0.007
Milk200.1 0.452± 0.001
Milk200.1 0.100± 0.003
Milk200.1 0.022± 0.005
Milk200.1 0.051± 0.001
Milk200.2 0.019± 0.001
Milk200.3 0.045± 0.001
Milk200.3 0.023± 0.001
Milk200.3 0.159± 0.003
Milk200.3 0.049± 0.001
Milk200.4 0.123± 0.005
Milk200.4 0.115± 0.001
Milk200.5 0.090± 0.005
Milk200.6 0.900± 0.001
Milk400.1 0.629± 0.004
Milk400.2 0.891± 0.001
Milk400.3 0.001± 0.001
Milk400.4 0.080± 0.001
Milk400.5 0.410± 0.001
Milk400.6 0.010± 0.001
Milk400.6 0.547± 0.001
Milk400.7 0.053± 0.001
Milk400.7 0.012± 0.001
Milk400.8 0.199± 0.001
Milk400.8 0.020± 0.001
Milk400.8 0.149± 0.004
Milk400.9 0.225± 0.001
Milk400.10 0.223± 0.001
Movie
No.

.

Reduced
χ2

0.69
0.80
0.92
0.53
0.58
0.98
1.10
0.49
0.60
0.58
0.64
1.04
0.60
0.94
0.83
1.20
3.39
3.17
4.04
2.82
1.30
2.58
2.00
1.61
1.60
1.39
1.68
0.95

. %Dif f.
8.8
131.0
10.6
24.4
4.9
139.0
8.3
7.7
81.3
13.3
0.4
7.2
88.3
75.4
90.0
2.1
30.4
52.4
5.5
4.2
103.0
45.6
0.1
1.2
7.7
0.1
102.0
27.8

Table 4.3: Table of flow constants coefficients for milk fat globules. Particles 1-14
1
1
are from the 200
concentration. Particles 15-28 are from the 400
concentration. Flow
parameters were determined from fitting equation 4.5 to plotted data using a least
squares method.
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Particle

Movie
No.

29
30
31
32
33

Cabosil.1
Cabosil.2
Cabosil.3
Cabosil.4
Cabosil.5

Flow
. Param.
)2
vx vy ( µm
s
0.078± 0.003
0.222± 0.002
0.121± 0.004
0.022± 0.002
0.287± 0.005

.

Reduced
χ2

0.9
1.5
0.9
1.6
0.9

. %Dif f.
53.0
1.7
6.7
7.8
9.6

Table 4.4: Table of flow constants coefficients for Cabosil. Flow parameters were
determined from fitting equation 4.5 to plotted data using a least squares method.
4.2

Brownian Motion Experiment Analysis

4.2.1 Flow Model
The reduced χ2 values are on the order of 1, indicating a good fit and that the
flow model works well for these particles. Discrepancies may have occurred by
√
not accounting for the 2Dt1.5 term. Additionally, the flow appears constant for
individual particles and not the entire fluid. While some particles come from the
same sample, they do not have the same flow constant; the varying flow constants
are seen in particles 24, 25, and 26. Flow on the molecular level may vary regionally.
For instance, while a net flow may cause the entire fluid to move in one direction,
individual particles may experience different flows and thus, have different flow
constants on a smaller scale. The migration to other regions may be caused from
a different force. Although the milk concentrations were created to minimize the
influence of undetectable proteins, they were still present and perhaps account for
the difference in flow parameters from the same sample.
4.2.2 Particle Comparison
The diffusion coefficients for milk fat globules and Cabosil are located in tables 4.1
and 4.2. Within the milk samples, nineteen of the particles agree within uncertainty
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of the theoretical diffusion coefficients. Nine milk fat globules out of twenty-eight do
not agree with the theoretical values. Four out of five Cabosil particles agree within
uncertainty with the theoretical diffusion coefficients. One Cabosil particle does not
agree with the theoretical Do . Agreement with the theoretical value does not appear
to rely on flow constants or particle radius. The radii for the non-agreeing particles
are similar to that of the theoretically agreeing particles, and the flow constants are
different for all particles.
In both Cabosil and milk, not only do the empirical diffusion coefficients vary
within each colloid but also the diffusion coefficients are different for particles of a
specific radius and type. For instance, particles 29 and 31 in table 4.2 have identical
radii, but the empirical diffusion coefficients are not within error of one another. The
disagreement among the same type of particle can be seen with milk fat particles
1,6, 7, 11, and 21 in table 4.1. Another factor such as the geometry of the particle,
must be influencing the agreement.
By rearranging equation 4.4, the Stokes-Einstein equation, we found
Do r =

kT
6πη

(4.7)

creating a radially-independent value for comparison where T is temperature, k is
Boltzmann’s constant, and η is viscosity. If equation 4.7 is valid for our particles,
the left-side of the equation should equal the right side of the equation. Because
distilled water was used for both Cabosil and milk, the Do r values for each particle
should be the same, since temperature T and viscosity η are the same for each
sample.
Do r values are displayed in tables 4.6 and 4.5 for Cabosil and milk fat globules,
respectively. Empirical Do r values were found by multiplying the empirical Do by
the particle’s radius. Theoretical Do r values were found using the right side of
equation 4.7. Only the empirical Do r particles 11, 23, 24, and 26, milk fat globules,
agree with the theoretical values. Equation 4.4, the Stokes-Einstein equation, relies
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on a spherical molecule, which likely leads to the overall disagreement with Cabosil
and milk fat globules in distilled water; water molecules and milk fat globules are
not spherical and the particles are not identical. Cabosil particles, however, are
spherical but may have clumped together, creating non-spherical particles.
Finding Do r allows for calculations for the drag coefficient C to be performed; in
the original equation for Do r, the drag coefficient is 6, since the particles in Stokes’
Law are spherical. Non-spherical particles do not have 6 as the drag coefficient; more
information, such as orientation to the background fluid, is needed to determine the
significance of a drag coefficient that is not 6.
To find the drag coefficient, we use equation 2.21 solved for the drag coefficient,
C=

kT
Do rπη

(4.8)

where C is the drag coefficient. Uncertainty for drag coefficients is found using an
equation similar to equation 4.2. The uncertainty, σCD , is determined by
σCD =

σDo
C
Do

(4.9)

where Do is the diffusion coefficient and σDo is the uncertainty in Do .
Tables 4.5 and 4.6 include the drag coefficient C values for milk fat globules
and Cabosil. Particles 5, 11, 12, 16, 19, 20, 23, 24, 26, 30 and 31 all yield drag
coefficients close to 6. These particles must be close to being spherical.
Figures 4.11 and 4.12 display difference between theoretical and experimental
Do as a function of the drag coefficient for milk fat globules and Cabosil; many data
points have error bars the size of the point or smaller. Figure 4.11 appears to be an
inverse or power relationship. We see that C < 5 yields greater deviations from the
theoretical value than the deviations for C > 6. Although more data for Cabosil is
needed to confirm the trend, there is hint of a similar curve in figure 4.11 near where
C = 6. When 6 is the drag coefficient, there is no deviation, which is expected since
it agrees with theory.
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Although seventeen out of twenty-eight particles are not spherical, their C-values
and consequentially, drag forces, are quite different. In cases where C > 6, the particles experience a strong drag force. In cases where C < 6, the particles experienced
less drag force than particles with C > 6. The greater deviations from the theoretical value for cases where C < 6 may stem from the smaller drag force. Since
equation 4.8 is based upon Stokes’ Law, the larger deviations may be a result of
the insignificance of drag or Stokes’ Law, for non-spherical cases. The drag force
is dependent upon the shape of particle. A different equation to determine the
theoretical diffusion coefficient may be needed for such cases.
With respect to macroscopic diffusion, the particle shape can affect the completion of diffusion and the method of calculating an accurate end time. From equation
4.8, we see that a larger C-value leads to smaller diffusion coefficients and slower
diffusion. Conversely, a small C-value leads to larger diffusion coefficients and thus,
faster diffusion. If the particles are close to being spherical, an accurate end time
for diffusion can be found using 4.1 if the displacement and diffusion coefficient is
known. Equation 4.4 can be used to find the diffusion coefficient. However, if the
particles are not spherical, knowledge of the effects of drag on particles and particle
shape is needed to determine an accurate end time.
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Particle
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28

Theor.
3
)
Do r ( µm
s
0.218
0.218
0.218
0.218
0.218
0.218
0.218
0.218
0.218
0.218
0.218
0.218
0.218
0.218
0.218
0.218
0.218
0.218
0.218
0.218
0.218
0.218
0.218
0.218
0.218
0.218
0.218
0.218

Empirical
3
)
Do r ( µm
s
0.24 ± 0.01
1.05 ± 0.01
0.20 ± 0.01
0.27 ± 0.01
0.23 ± 0.01
0.93 ± 0.01
0.20 ± 0.01
0.20 ± 0.01
0.52 ± 0.01
0.19 ± 0.01
0.22 ± 0.01
0.23 ± 0.01
0.09 ± 0.01
0.48 ± 0.01
0.58 ± 0.01
0.21 ± 0.01
0.30 ± 0.01
0.13 ± 0.01
0.23 ± 0.01
0.21 ± 0.01
0.68 ± 0.01
0.35 ± 0.01
0.22 ± 0.01
0.22 ± 0.01
0.24 ± 0.01
0.22 ± 0.01
0.69 ± 0.01
0.29 ± 0.01
.

. C-Values
5.5
1.2
6.9
4.9
5.7
1.4
6.5
6.5
2.5
6.9
6.0
5.6
15.0
2.7
2.3
6.2
4.4
10.1
5.7
6.3
1.9
3.8
6.0
6.1
5.6
6.1
2.0
4.5

±
±
±
±
±
±
±
±
±
±
±
±
±
±
±
±
±
±
±
±
±
±
±
±
±
±
±
±

0.1
0.1
0.2
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.4
0.1
0.1
0.1
0.1
0.2
0.2
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1

. % Diff.
5.4
71.8
7.1
15.7
3.3
68.4
5.5
5.4
47.8
9.0
0.2
4.8
68.9
44.7
52.2
1.3
19.4
38.3
3.7
2.7
58.5
28.3
0.1
0.1
5.1
0.1
57.9
17.8

Table 4.5: Table of diffusion coefficients multiplied by the radius for milk fat globules
and drag coefficient C-values, a parameter based on geometric shape and other
factors, such as orientation to flow. Each C-value was calculated using equation
1
1
4.8. Particles 1-14 are from the 200
concentration. Particles 15-28 are from the 400
concentration.
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Figure 4.11: Plot of the difference between theoretical and experimental Do versus
C, the drag coefficient for milk fat globules. The plot suggests an inverse or power
relationship between theoretical and experimental Do and the drag coefficient. Each
C-value was calculated using equation 4.8.

Particle
29
30
31
32
33

Theor.
3
Do r ( µm
)
s
0.218
0.218
0.218
0.218
0.218

Empirical
3
Do r ( µm
)
s
0.127± 0.004
0.222± 0.002
0.234± 0.003
0.202± 0.005
0.198± 0.005
.

. C-Values
10.0±
5.9±
5.6±
6.5±
6.6±

0.3
0.1
0.1
0.2
0.2

. % Diff.
39.0
1.2
4.7
5.1
6.5

Table 4.6: Table of diffusion coefficients multiplied by the radius for Cabosil and Cvalues, a parameter based on geometric shape and other factors, such as orientation
to flow. Each C-value was calculated using equation 4.8.
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Figure 4.12: Plot of the deviation of Do versus C, the drag coefficient for Cabosil
particles. Each C-value was calculated using equation 4.8. Although less particles
are used than in figure 4.11, the figure hints at an inverse or power relationship
between deviation of Do and the drag coefficient.
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4.3

Diffusion Experiment Data and Analysis: Individual Cases

The Diffusion experiment followed the evolution of dye diffusing either vertically or
horizontally. Data presented in this section is raw and unprocessed. Detailed analysis discussing the significance, comparison, and interpretation of this data appears
in section 4.4.
Data for all seven trials was plotted as percent dye concentration vs. time, to
determine the amount of time needed for both x − y diffusion, as well as z diffusion.
The percent dye concentration plots were produced by dividing the horizontal or
vertical lines seen in figure 3.7 into 6 points. When the injector fluid fully diffused
in the region of interest, dye concentration should be the same for each line.
4.3.1 Percent Dye Conversion
The data is given in pixels, which is a measure of light intensity. We are interested in
dye concentration, so the relationship between pixel intensity and dye concentration
must be found. Known concentrations of the dyed water were photographed under
lighting similar to the experiment, from 100 % colored water to 0% pure distilled
water. Concentrations between 100% and 0% dyed water were created by mixing
distilled water with the dyed water. Our error is 5%, as determined by the precision
of the syringes.
A log-log plot was produced to determine the conversion function, as seen in
figure 4.13. A least squares fit was used, finding the fit to be
ln(d) = 17.1 − 1.82ln(p)

(4.10)

where d is the dye concentration and p is the pixel intensity. Solving for the dye
concentration, d, the conversion equation for pixel intensity p is
d=

2.73 ∗ 107
p1.82

(4.11)
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Figure 4.13: Log-log plot of the dye concentration data. The fit line is equation
4.10.
Figure 4.14 shows the raw data, as well as the fit. Equation 4.11 was tested to see
the conversion’s validity by taking the known concentrations and solving for pixel
intensity. The percent difference between the known concentration of dye water and
the concentration found via the equation is 8.61%.
4.3.2 Small Splotch of Dye
Five trials, called XY1, XY2, XY3, XY2b, and XY3b were taken to observe how
the small splotch on the floor of the chamber diffuses. Figure 4.15 are photos taken
from the beginning, where the colored water started in the center, to the end of the
trial, where the small splotch completely covered the bottom of the floor and began
to rise vertically. Figure 4.16 follows the splotch evolution as a plot of the percent
concentration of dye across the floor of the box at a given time. Table 4.7 displays
the density, volume injected, and end times (when the dyed water fully diffused) for
each trial.
End times were found by plotting percent light transmission at the six locations
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Figure 4.14: Raw data was taken for known concentrations of dyed water and distilled water. The line fit is equation 4.11.
versus time, as seen in figure 4.17. When all lines reached a plateau, diffusion
has ended. The earliest time where all lines reach a plateau is considered the end
diffusion time.
Trials XY2b and XY3b have the same volume of injected fluid as XY2 and XY3,
respectively, only varying the density of the injector fluid. XY1, having the greatest
volume of injector fluid at 0.20 mL, finished at 47.1 minutes, the fastest of the trials.
Trial XY3, whose injector fluid is the same of XY1, finished at 70 minutes, showing
that the end time for diffusion relies on the volume of fluid diffusing. XY3b, the
same volume of injector fluid as XY3 but differing in density, completed its diffusion
at 85.7 minutes. A dependence on density is seen; XY2 and XY3’s density is 1.014 ±
0.008

g
,
cm3

while XY2b and XY3b’s density is 0.988 ± 0.005

is 97% as dense as XY2 and XY3 or 0.026

g
cm3

g
.
cm3

XY2b and XY3b

density difference. XY2 finished

diffusing in 75% of the time that XY2b, taking 19.6 minutes. XY3 finished in 86%
of that of XY3b or 15.7 minutes.
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Figure 4.15: Small splotch photos from XY2. The blue dyed water spread across
the bottom of the inner chamber, starting as small concentrated splotch and ending
by covering the floor of the inner chamber. The photos show the beginning, two
intermediate stages, and last frame taken.
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(a) 0 minutes

(b) 25 minutes

(c) 101.5 minute

Figure 4.16: The diffusion of XY2 plotted as dye concentration vs. z−location.
Negative positions in the inner chamber are left of the center in the box while positive
positions are right. The data is unfiltered and not corrected for background.
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Figure 4.17: A plot of XY2’s light transmission over time. Each line is from a
location in the diffusion chamber; these locations are shown in figure 3.7. As the
dye concentration diffuses, the edges have less light transmission. Light transmission
varied by location in the box until diffusion terminated; the plateau in each line
indicates that diffusion has terminated. For this trial, the injector fluid fully diffused
at 59.2 minutes. This data is filtered at a strength of 15.
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Trial
Name
XY1
XY2
XY3
XY2b
XY3b
Z1
Z2

.

Density
( cmg 3 )

1.014
1.014
1.014
0.988
0.988
0.982
0.982

. σ ( cmg 3 )
0.008
0.008
0.008
0.005
0.005
0.001
0.001

Amount
End
. Injected
. Time
(mL)
(min.)
0.20
47.
0.05
59.
0.03
70.
0.05
79.
0.03
86.
2.5
7000.
2.1
15600.

Table 4.7: Table of results for both XY and Z trials. XY1, XY2, and XY3 all
were taken with injector fluid of the same density. Trials XY2b and XY3b were
taken with a lower density than XY1, XY2, and XY3. The amount of injector fluid
inserted into the diffusion box corresponds to XY2 and XY3, respectively.
XY1 diffused in the shortest amount of time, possibly because the fluid did
not need to travel as far; the larger volume of 0.20 mL covered more of the inner
chamber’s floor than the 0.05 and 0.03 mL volumes of injector fluid. Higher density
aided in spreading the injector fluid across the inner chamber’s floor, causing XY2
and XY3 to diffuse faster than XY2b and XY3b. XY2’s average velocity is 0.043
cm/min and XY3’s average velocity is 0.037 cm/min. The injector fluid in XY2b
and XY3b traveled slower with average velocities 0.032 cm/min. and 0.029 cm/min.,
respectively. XY2 and XY3’s injector fluid is 0.037

g
cm3

denser than the background

fluid of clear distilled water; the injector fluid used for the XY2b and XY3b trials is
0.005

g
cm3

denser than the background fluid. The higher density of XY2 to XY2b,

for instance, means that XY2 has more mass, since they are the same volume. The
difference in mass is 0.026 g.
4.3.3 Floor covering dye
The two trials of the large, floor covering dye are referred to as Z1 and Z2. All
figures displayed are from Z2 data; Z1 data produced similar results. Diffusion
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in the z−direction occurs as shown in figure 4.18, raw data images from the Z2
experiment. Vertical data tracked diffusion upward in the z−direction; the vertical
positions are found in figure 3.7. In figure 4.19, all six lines are shown at 1 hour
with the average line that they produce. The lines on top of one another show
that diffusion occurs evenly in the z−direction, which is to be expected. Since the
box was leveled, all of the injector fluid should uniformly travel upward, with no
difference in the horizontal plane. Figures 4.20 and 4.21 display plots from the
average vertical data. The 0 mm position is the center of the box, while the -24 mm
position is the bottom and 24 mm position is the top. The dye became less and less
concentrated as it diffused. Noise is prominently displayed in each plot; corrections
for noise is further discussed in section 4.4. Figure 4.22 displays the plot of percent
transmission vs. time for Z2. When the five vertical positions are in plateau in the
plot, diffusion had completed.
Table 4.7 displays the results for Z1 and Z2. The amount of injector fluid affected
the amount of time for diffusion to complete; the greater the amount of injector fluid,
the less time is needed for diffusion to complete. We injected 2.5 mL for trial Z1,
which took 7000.0 minutes to complete, whereas we injected 2.1 mL of injector fluid
for Z2 and ended at 15600.0 minutes. Trial Z2 has 84% volume of that of Z1, yet
took 220% longer to finish than Z1, showing an inverse relationship.
A prominent feature of the plots in figures 4.20 and 4.21 is that they curve
downward around the center before rising upward. Because the curve appears at a
central location within the box and is wider than the needle, we believe that the
lighting caused this feature. When examining figure 4.18, the light source appears
brighter in approximately the same region that the downward curve occurs. Higher
light intensity in a region gives a false percent dye concentration measure. In section
4.4.2, the corrections to the data are discussed.
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Figure 4.18: Large, floor covering splotch photos from the Z2 data collection. The
photos show the beginning, two intermediate stages, and last frame taken.
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Figure 4.19: Z2 at 1 hour. The six colored lines on the plot correspond to the six
lines that were averaged to produce the black average line.
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(a) 0 hour

(b) 50 hours

(c) 100 hours

Figure 4.20: The diffusion of Z2 plotted as dye concentration vs. y−location. Negative positions in the inner chamber are at the bottom, while positive positions are
at the top. Figure 4.21 displays plots through the termination of the experiment.
The data is unfiltered and not corrected for background.
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(a) 150 hours

(b) 250 hours

(c) 307.5 hours

Figure 4.21: The diffusion of Z2 plotted as dye concentration vs. z location. Negative positions in the inner chamber are at the bottom, while positive positions are
at the top. The data is averaged from all six vertical line positions. This data is
unfiltered and not corrected for background.
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Figure 4.22: A plot of Z2’s averaged data over time. Each line is from a location in
the diffusion chamber; these locations are shown in figure 3.7. As the dye concentration diffused, the edges had less light transmission. Light transmission varied by
location in the box until diffusion terminated; the plateau in each line indicates that
diffusion ended. This data was filtered at a strength of 15. Z2 finished diffusing at
15600 minutes.
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4.4

Diffusion Comparison

Z1 and Z2 data experienced prominent changes in the lighting at various times during each run. These changes are believed to be power surges, because they occurred
in all regions of the box, regardless if injector fluid was present in the region at the
time. The light changing is noticeable in the video; the light flickered and became
noticeably brighter before returning to its original brightness. The lighting was powered through a wall socket, which does not guarantee steady current. Additionally,
all data was taken during stormy weather, further increasing the likelihood of power
surges. The XY trials did not suffer from this issue, because they ran for shorter
periods of time.
4.4.1 Filter
A low-pass filter was used to rid the data of noise. In electronics, a low-pass filter
suppresses a high frequency and allows a low frequency to pass. The diffusion
experiment data was filtered for noise by averaging θ number of components in
matrix q of length ξ. θ is the strength of the filter. Mathematically, this is
j+θ−1
1 X
qi
θ i=j

(4.12)

when j, the component number, goes from 1 to ξ − θ + 1.
All subsequent data was filtered with θ=15.
4.4.2 Background Correction
Background correction was attempted for the percent dye conversion through a
frame subtraction. Each digital photo or frame is made of pixels. A frame subtraction means that the first frame is subtracted from subsequent frames. If each
frame is identical, the images have zero pixel intensity. If each frame varies, only
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the non-identical information remains. The backgrounds for the percent dye conversion and the experimental data were different, with the pixel intensity higher in
the conversion data.
Instead, transmission was used to show diffusion; when the pixel intensity decreased, injector fluid was increasing. Each pixel has a maximum intensity of 216 ,
so dividing each pixel by 216 gives the percent transmission. Additionally, frame
subtraction was performed for each data set. Figure 4.23 displays the corrected
light transmission data for 4.16. Figures 4.24 and 4.25 show the percent transmission for the frames in figures 4.20 and 4.21. The filter eliminated the noise in each
frame that is noticeable in figures 4.16, 4.20, and 4.21, respectively. The frame subtraction’s correction for the background is exemplified in the final frames of figures
4.23 and 4.25. The final frame shows when diffusion has completed. The injector
fluid has uniformly diffused with the background fluid. For the x − y data, this was
determined when the injector fluid began to diffuse in the z− direction. Subsequent
frames show the same data for z− direction, which indicates that diffusion in the
z−direction was complete. In figures 4.17 and 4.21 where the final frames for XY2
and Z2 are, respectively, the final frames do not show uniform diffusion. The filtered
final frames in figures 4.23 and 4.25 show uniform light transmission, indicating that
diffusion has completed.
4.4.3 Diffusion Ending Times
All end times were found by plotting the positions for each From table 4.7, the XY
diffusion ending time is inversely related to the amount of injector fluid; an increase
in injector fluid leads to a shorter duration for diffusion. This is expected, since
theory states that the higher the concentration gradient, the faster the diffusion
rate. However, when comparing the xy−direction data to the z−direction data, we
see that diffusion in the z−direction was approximately 200 times slower, despite a
higher amount of injector fluid and covering the same area. The percent difference
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between the densities of XY2b and Z1 is 0.6%. The densities are very similar,
yet XY2b and XY3b, at most, completed diffusion at 1% of the time that the
z−direction needed for completion.
Possible reasons why z−direction diffusion concluded at a later time than
xy−direction are edge effects, particle shape, and gravity. Diffusion in the xy−plane
in this experiment was only in contact with the bottom of the inner chamber, leaving
5 sides in contact with liquid, whereas in z−direction diffusion, the diffusing fluid
had contact with the inner chamber’s 5 sides. Diffusion theory does not account
for contact with the container or gravity. The sides of the box may have hindered
diffusion for fluids. A difference should be expected around the edges, since the
water touched a different material.
Similarly to milk fat globules and Cabosil, water molecules are not spherical
and the dye molecules have unknown geometry. How the dye bonded to the water molecules would change the shape of the molecules, making them more or less
spherical. In section 4.2.2, we see that a larger C-value led to both a larger drag
force and a smaller diffusion coefficient, while a smaller C-value led to a smaller drag
force and and larger diffusion coefficient. The shape of the injector fluid molecules
would have affected the diffusion rate, thus contributing to the time differences.
Although current diffusion theory and equations do not account for gravity, gravity should influence diffusion. Gravity’s effects are contingent upon shape; an object,
due to its shape and center of gravity, rotates until the net torque due to gravitational forces is zero. Molecules are susceptible to gravitational force. Molecules
diffusing in the xy-direction may have experienced a settling effect from gravity,
causing them to spread across the bottom quickly; we see with XY2 an XY2b that
the larger density caused XY2 to complete diffusion 31.7 minutes faster than XY2b.
The hinderance of gravity should slow down diffusion in the z-direction, since gravity
was working against the direction of diffusion. The Z1 and Z2 densities are similar
to XY2b and XY3b. Z1 and Z2 additionally have a larger concentration gradient by

95

approximately 4000%, which should, according to theory, expedite diffusion completion. However, the completion time for Z1 and Z2 are on the thousands time-scale,
rather than in the hundreds as XY2b and XY3b are.
Gravity may affect vertical diffusion via pressure. Gravity relates to pressure as
P = ρgh

(4.13)

where ρ is fluid density, g is gravity, and h is height. Pressure causes the particles
in the fluid to crowd, rather than allowing the particles to easily travel. Further
data collection perhaps will allow for curve fitting to determine the relation more
precisely and allow for a formulaic relationship. Testing diffusion of two fluids where
they do not touch the edges or in a different gravitational setting, either higher or
lower gravitational pull, will further aid in understanding the roles of edge effects
and gravity.
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(a) 0 minutes

(b) 25 minutes

(c) 101.5 minute

Figure 4.23: The diffusion of XY2 plotted as light transmission vs. y−location.
Negative positions in the inner chamber are left of the box’s center, while positive
positions are right of the center. The data was corrected for background and was
filtered using equation 4.12 at a strength of 15.
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(a) 0 hours

(b) 50 hours

(c) 100 hours

Figure 4.24: Background correction of the data in figure 4.21. The negative positions
are the below the box’s center, while positive positions are above the box’s center.
The data was corrected for background and filtered using equation 4.12 at a strength
of 15.
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(a) 150 hours

(b) 250 hours

(c) 307.5 hours

Figure 4.25: Background correction of the data in figure 4.21. The negative positions
are the below the box’s center, while positive positions are above the box’s center.
The data was corrected for background and filtered using equation 4.12 at a strength
of 15.
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4.5

Water molecule radius

Equation 4.4, the Stokes-Einstein equation, was tested to see if the radius of a
water molecule could be accurately calculated from diffusion end times. By using
macroscopic data to accurately calculate a microscopic quantity, the link between
Brownian Motion and diffusion would be more apparent. Diffusion coefficient appears in equation 4.1 and 4.4, both equations that are used to describe Brownian
motion. Finding the accepted value of a water molecule radius suggests that Brownian motion of particles causes diffusion. The accepted value for the radius of a
water molecule is 1.35 pm. The temperature of the water is 278 K and the viscosity
kg
.
of water is 1.00*10−3 ms

The diffusion coefficients for each trial were found through equation 2.28,
< λ2 >= 2Dt

(4.14)

where λ is displacement and t is the time needed for diffusion to complete. We
used the one dimensional version, because we only tracked the displacement in one
direction (spreading along the y-axis or rising up from the bottom) The displacement
pf the water molecule is 0.0508 m or 2 inches for the z−direction diffusion, which
is the entire height of the inner chamber. Because the small splotch data started in
the center of the box, the displacement is 0.0254 m or 1 inch.
After finding the diffusion coefficient, we used equation 4.4 to find the radius.
However, when using this equation, the results initially did not agree within one
sigma for all XY radii. We used equation 2.48, our combined Smoluchowski-StokesEinstein equation,
r=

kT
12πηtD

(4.15)

to determine the radius.
Table 4.8 lists the radii for each trial using the Smoluchowski-Stokes-Einstein
equation. This modification appears to work well for the XY trials. The Z trials do

100

not agree within uncertainty of the accepted value. The differences again indicate
that gravity, particle shape, and edge effects from the box may have played a role
in diffusion in the z-direction. According to theory, if the density of the particles
is equal to the background fluid, gravity does not affect diffusion, allowing diffusion
to occur only as result of Brownian motion and particle interaction [19]. In table
4.8, the fluids with lower densities and less dye have larger water molecule radii.
Also of note, smaller amounts of injector fluid yielded larger radii for x − y diffusion. Although we found radii and an accepted water molecule radius exists, water
molecules are not spherical. The injector fluid molecules may be closer to being
spherical than the clear background fluid, which is simply distilled water.
To find diffusion in the z-direction, equation 4.14 needs modification to account
for edge effects, shape, and gravity. Although water does not significantly compress,
it can compress. Seeing that fluids are sensitive to slightly uneven surface, sensitivity
towards other small, seemingly insignificant factors is not unexpected.
Trial
Name
XY1
XY2
XY3
XY2b
XY3b
Z1
Z2

Density
. g
( cm3 )
1.014
1.014
1.014
0.988
0.988
0.982
0.982

σ
. ( g )
cm3
0.008
0.008
0.008
0.005
0.005
0.001
0.001

Amount
Water
. Injected . Radius
(mL)
(pm)
0.20
1.0
0.05
1.2
0.03
1.4
0.05
1.6
0.03
1.7
2.5
35.5
2.1
79.0

σ
. (pm)
0.5
0.4
0.4
0.3
0.3
0.2
0.4

Table 4.8: Table of water molecule radii for both XY and Z trials. The accepted
value for a water molecule radius is 1.35 pm. All radii were measured in picometers.
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CHAPTER 5
Conclusion

The goal of this project was to experimentally examine diffusion at both the molecular and macroscopic levels. The current accepted theories work in application,
though they lack empirical evidence to prove their validity. Results from these experiments give further insight to the behavior of fluids by creating a definitive connection to the macroscopic and molecular levels of diffusion; although both Brownian
motion contains the diffusion coefficient, molecular motion has never been studied
empirically as the driving force of macroscopic diffusion. The two experiments conducted are called the Brownian Motion experiment and the Diffusion experiment.
In the Brownian Motion experiment, we observed the trajectory of individual
milk fat particles in essentially distilled water for 10 seconds under a microscope.
For comparison, Cabosil and distilled water were mixed for a colloidal suspension
and observed in the same manner. The tracked particles for the Brownian motion
experiment were studied to see how the square-displacement or λ2 value changed
over time. The individual particle geometry was also calculated by finding the Cvalue parameter.
The Diffusion experiment macroscopically studied dye concentration that entirely diffused either vertically or horizontally. Using the diffusion box, we injected
blue dyed water into distilled water to observe how water diffuses in a constant,
controlled temperature created by the diffusion chamber. This experiment was performed for 5 trials for horizontal diffusion, varying the density and volume of the
injector fluid. The experiment was performed twice for vertical diffusion, using fluids
of the same density but injecting different volumes of fluid. We compared vertical
and horizontal diffusion completion times.
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The Stokes-Einstein equation, equation 4.4, determined the radius of a water
molecule using the diffusion completion times and the displacement of the injector
fluid. This equation traditionally characterizes molecular motion. By using macroscopic diffusion data for a microscopic Brownian motion parameter, the connection
between Brownian motion and diffusion is more apparent.
5.1

Discussion of Results

5.1.1 Brownian Motion Experiment
The motion of both Cabosil and milk fat globules was found to be Brownian by
determining the step size for each particle and comparing the x − y empirical data
plots to computation plots from particles with identical parameters. Due to radial
and geometric differences, we could not determine an accurate average displacement
for the particles. Tables 4.1 and 4.2 contain the measured radii, theoretical diffusion
coefficients, and empirical diffusion coefficients of milk fat globules and Cabosil,
respectively. Any deviations from the theoretical values would be removed by finding
the mean square displacement, rather than the square displacement.
Flow was still present in the background fluid, despite the wait time to allow for
flow elimination. Section 3.2.3 provides further discussion on the wait time for flow
elimination. Equation 4.1 was modified for constant flow and resulted in equation
4.5. Equation 4.5 is derived in section 2.6. The flow parameter for each particle was
determined by curve fitting via a least squares method; further discussion on the
least squares method and curve fitting for diffusion coefficient is found in section
4.1.3. All flow parameters are found in tables 4.3 and 4.4 for milk and Cabosil,
respectively. When using the flow model to determine diffusion coefficients, 68% of
the milk diffusion coefficients agree within uncertainty of the theoretical diffusion
coefficients. Eighty percent of the Cabosil particles agree within uncertainty of the
theoretical diffusion coefficients.
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Thirty-two percent of milk particles and 20% of Cabosil particles are not within
uncertainty. The unknown particle geometry may have caused this result. The
equations assume spherical particles because of Stokes’ Law, as discussed in section
2.1; the geometry of the particles is unknown. From the drag coefficient C-value
calculations, the particle geometry appears to determine the agreement with the
theoretical values; diffusion coefficients that are not within uncertainty have drag
coefficients that are ±3 − 5 from the spherical 6 C-value. Radius, theoretical or
empirical diffusion coefficients, flow constants, and video are not indicative of agreement or disagreement with the theory. An inverse or power relationship between
the deviation in Do and drag coefficients is shown in figure 4.11, a plot of difference
in theoretical and experimental diffusion coefficients vs. C-value for milk fat globules. As the drag coefficient approaches zero, the deviation in Do increases. Figure
4.12, though fewer points, suggests a similar trend for Cabosil. The consequence
of non-spherical geometry is that the diffusion coefficient is inaccurate and that the
end times for macroscopic diffusion cannot be accurately determined.
5.1.2 Diffusion Experiment
Two almost identically dense fluids diffused in this experiment. Due to issues with
background correction, relative pixel intensity was analyzed, rather than dye intensity; a decrease in pixel intensity is a result of an increase of dye presence.
The five small splotch trials in the horizontal plane show an inverse relationship
to dye density and diffusion completion time. Both the floor covering and small
splotch data reveal an inverse relationship to dye volume and diffusion completion
time. The diffusion along the bottom of the inner chamber completed 1000 times
faster than that in the z−direction.
Several possibilities exist for the time difference. Contact with the inner chamber may have caused the time differences. Diffusion theory does not include edge
effects, which potentially would alter a fluid’s behavior. Similar to the Brownian
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Motion experiment, the particle shape may have affected the fluid’s behavior. Water molecules are not spherical, and the dye molecule shape is unknown. Additional
rotation because of the center of gravity may have caused water molecules to diffuse slower; the molecules that have smaller densities and less dye finished diffusing
at later times than the molecules with larger densities and more dye in the horizontal direction. Gravity is believed to have caused the retardation in diffusion in
the z−direction and expediting diffusion in the xy−plane. The current theory on
diffusion does not include gravity, though water molecules experience gravitational
forces. Gravity would hinder z−direction diffusion and cause molecular settling in
the xy− direction.
5.1.3 Water molecule radius
The radius of a water molecule was calculated from Diffusion experiment data to
determine if Brownian motion of individual particles causes continuum diffusion.
Using equation 4.15, a combination of the Stokes-Einstein equation and the Smoluchowski equation, we created a time-dependent diffusion equation to find accurate
water molecule radii; the unmodified Stokes-Einstein equation did not yield accurate results. The macroscopic diffusion data was used to calculate the radii for all
Diffusion experiment trials.
All water radii calculated from XY data are all within uncertainty of the accepted
value for a water molecule’s radius. However, water molecule radii calculated from
the Z data are not within uncertainty. The radii for the z−direction data is approximately 35-79 times larger than the accepted values. The effects of gravity or the
inner chamber’s edges again have caused this discrepancy. Similar to the Brownian Motion experiment, particle shape appears to have affected this calculation. A
slight density and volume dependency is seen; larger densities and larger volumes
yield small radii, within their direction of diffusion. For instance, trial XY1, which
has the largest volume and density of the xy−diffusion trials also has the smallest
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radius. Trial XY3b, which has the lowest volume and density, has the largest radius.
The means by which the dye molecule bind to water molecules may have affected
the results; the equations used to calculate the radii were created from a spherical
model. The denser fluids in this experiment may have consisted of molecules that
are more spherical.
5.2

Future Work

This project has many paths to further explore diffusion. The Brownian Motion
and Diffusion experiment should be further studied with different particles to see
the effects on the theoretical model. Different particle shapes, such as an oval or
cube, may change the Brownian motion trajectory and diffusion completion times.
Completely asymmetrical particles would also be of interest. The result we have
may be unique to the shapes of these particles. Hardness of material, as well as
solidity (sphere vs. a hollow shell, for instance), may impact both Brownian motion
and diffusion.
Another avenue to explore for the Brownian Motion experiment would be developing a model that accounts for flow changes, eg. a flow that dies out. Determining
a model for drag coefficients less than 6 and how spherical a particle must be for
Stokes’ Law to yield accurate results would lead to more knowledge on how particles behave in a fluid. Creating an apparatus that allows for following 3D molecular
motion would provide insight into how gravity affects Brownian motion and consequentially, how diffusion is affected by gravity.
The next step for the Diffusion experiment would be to determine why vertical diffusion took more time than horizontal diffusion. Testing diffusion in a lower
gravity location would lead to understanding the role gravity plays in diffusion. Developing a method to see how diffusion occurs when the diffusing fluid is surrounded
only by water could show how significant of a role that the edges of the container
play in diffusion. Research on particle interaction may further explain how diffu-
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sion and Brownian motion occurs. The particles in dyed injector fluid used in the
the Diffusion experiment interacted with each other, and the milk fat globules and
Cabosil particles interacted with the background fluid.
Lastly, x-ray scattering of liquids would give more insight on the molecular order,
which would lead to more information on how the molecules move.
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APPENDIX A
Image Pro Macro for Diffusion Data

’ Default Script
Option Explicit
Public i
Sub top() ’ Ouputs Line Values for top of box
ret = IpSeqSet(SEQ ACTIVEFRAME, 0)
For i=1 To 358
’ The last number in the i statement changes according to how many frames are
in the video
ret = IpProfCreate()
ret = IpProfLineMove(636, 80, 636, 943)
ret = IpProfSetAttr(CHANNEL1, 1)
ret = IpProfUpdate()
ret = IpDde(DDE SET, ”col”, i)
ret = IpDde(DDE SET, ”target”, ”C:\ Program Files\ Microsoft Office\
OFFICE11\ EXCEL.EXE”)
ret = IpProfSave(””, S DDE+S DATA)
ret = IpProfSelect(0)
ret = IpProfDestroy()
ret = IpSeqPlay(SEQ NEXT)
Next
End Sub

